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    (   ). -

 ,        ,   

    : 

 

, ...
, ;

, ...

, ...
,

, ...

low

low high measured

high

low

low high measured

high

f f a a f a f

f f f f

f f b f b f

f f f c f c f

f f f f

f f f b f b f

2 4
0 1 2

2 4
1 2

1 3
1 2

1 3 5
1 2

  (1.8) 

     ia , ib , ic , ,   -

  - ,  -

     : 

 
. . ,

/. . .

f PV d
f

f
f PV d

ff

2 20

0 0
2 20

2

2 2
  (1.9) 

       . -

 (1.8)  (1.9)      -

  : 

: ...

. .
high

low

n
low n

f
measured h l l h

n n n n
f

f f f c f c f c f

f
PV d f F f f a F f a F f b F f

ff

1 3 2 1
1 2

0 0 02 2

2  (1.10) 



 48

: ...

. .
high

low

n
high n

f
measured h l l h

n n n n
f

f f f b f b f b f

f
P V d f F f f a F f a F f b F f

ff

1 3 5 2 1
1 2

0 0 02 2

2  (1.11) 

: ...

. .
high

low

n
low n

f
measured l l h h

n n n n
f

f f a a f a f a f

PV d c F f F f F f d F f
f

2 4 2
0 1 2

0 02 2

2  (1.12) 

: ...

. .
high

low

n
high n

f
measured l l h h

n n n n
f

f f b f b f b f

P V d c F f F f F f d F f
f

2 4 2
1 2

0 02 2

2  (1.13) 

 l
nF , h

nF        -

/  : 

 ;
low

high

f n n
l h
n n

f

F f d F f d
f f

2 2

2 2 2 2
0

2 2  (1.14) 

        : 

; , ,... ln

; , ,... ln

lowl n l l
n low n

low

highh h h
n n n

highhigh

f f
F f f f F f n F f

n f f f

f f
F f F f n F f

f f ff n f

2 1 2
1 0

1 02 2 1

1 1
1 2

2 1

1 1 1
1 2

2 1

 (1.15) 

      ,   

    .   -

       -

     .  ,  

       ,  -

   .      -

          (   

    ).    2 2 3 2 2 12  . 

  ,      -

   .    12  -

  ,   (1.10) (1.13)   , 



 49
     20 : 10   -

,  . lowf0 1  lowf f   10    ,  

 highf f2  … . highf1 2 ,  f  –     -

.       -

 ,    20   12 .  -

        SVD.  

    .  -

  ,      

2 ,  .0 05 ,       -

 . /r i1 0 5 2 , ( . )/s i1 0 2 3 2   . /r i2 0 1 2 , ( . )/s i2 0 1 2 2  

 r r r r
f i

if s if s fif s if s
1 1 2 2

1 21 2

2  (1.16) 

    « »  200-   -

      0.2  0.595,    -

         -

 %1     .    

. 1.3. 

     -  -

       (   -

   )   . 1.4.   ,   -

            

 .            

   ,      -

     ,     

  ,      -

   . 
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       -
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   (1.10) (1.13)      -

 SVD     .fitted 2 024 , 

.fitted 0 0509  (      2 , .0 05 ). -

    . 1.4( - ).   -

 « »  ,   ,  -

 . ,          -

      KK   (1.9). -

     KK 0 .   

  . 1.4 .         

  ,       

  ,       

.        :  

| |1       ,  

  1     ,     

(1.10) (1.13).        « -

» ,    KK.   

KK f0    . 1.4 .  ,    

  ,    0    

  (1.10) (1.13)   . 

  .   « »   

        (1.9)  -

      ,  -

     .  -

        0  

highf4    ,      ,  

   ,  8 (    

      (FFT). 
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        -

  PoM. 

    (PoM).    (Pencil of Matrix, PoM) 

     ,    -

         

: 

 exp , exp .
M M

j
j i i i i ii

i i

y y j t A s j t Az z s j t
1 1

  (1.17) 

 t     .  ,   

       (1.2)  

 .       [318, 319], 

 ,   [319],    -

.      -

         -

 (   )  -   . 

 -     .  -

 (1.2)     .  

   – -  ,  , -

  : 

 
M k

kk k
M kkk kk

a ifr
f

if s b if
0

0

  (1.18) 

    –   -

 ka   kb .      Mb 1 ,  Ma . 

 ks       ,  kr   -

     .  -

  ,         

 ,   .   -

        

,      ka , kb     
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,     ks .    -

 ( )       -   

    ,    ks . 

 SVD    .  PoM  -

     ks ,    kr ,    

     ,    -

    FFT.     -

    ,   .  

      ,  kr  – -

 .         

  (1.18),   N      ka  

( )N M : 

 ,
M k

k jk
j jM k

k jk

a if
f j N

b if
0

0

0 1  (1.19) 

   ( kb     , 

  ks       ).   

  ,        -

 (      ,      

    ).   

   ,   N2   

 ,   SVD     

[312, p. 676]. 

      ,  -

          

  LM,      

,kr      ks     . 

       -

  - .    
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  [312,  15.5].       

     .  -

       : 

 - model parameters; ,j j k
j

y Y x pp p p22   (1.20) 

   ,     -
 : 

 ; ; ;j j j j j j
j j

y Y x y Y x y Y xp p p p22   (1.21) 

    2        ( .  
[312, eq. (15.5.6)]): 

; ;
; ;j j

j j j j
k k kj

Y x Y x
y Y x y Y x

p p p
p p

p p
2

  (1.22) 

, ,      ( .  [312, eq. (15.5.7)]): 

 
; ; ; ;j j j j

k l k l k lj

Y x Y x Y x Y x
p p p p p p

p p p p2 2

 (1.23) 

   ,        (1.18).  

    ka ,    kb   . -

       (1.18)  -

   (1.2).       

   ,   . 
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   1 

        -

 ,        

.       .  

   :      

        -

      ,   -

 -   ,    , 

 - ,       

   .   ,   

      ,    

  -  ,     -

      ,   

    ,    -

       . 

 ,      -

       -

   .      

       

     - .  -

  –       

    .    

     .  ,   -

  -   -

     .   -

 ,       

 « »,       -

 .        1%  

        

   1%. 
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 2 EQUATION SECTION (NEXT)  
     

  

     , -

        

      -

           

     .    

       -

    .   -

   ,    -

   ,     .  -

   ,      

    –  .  -

         

       -

 ,       

   FDTD.    

,        

    .    -

      .  

         -

     . 

 ,    ,    

[10, 11, 27, 28]     [40, 42, 44, 47, 48, 49]. 

2.1.  

      

,   .  -
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    . 

  XX ,      , -

     ,   -

  ,     ( ). 

    ,       -

      / t , -

   .     i te   -

        . 

        -

  ,       -

 —     ,    -

        

        . 

     ,   -

     .      -

   .    -

        

. ,         . 

,          -

 ,   .    

       ,   

    .     

         -

   .     -

   .     

        . 

    . .   -

  (    ,  

  ),       
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[284].     [355]     , 

       -

      .  

    ,    -

   .    -

-      -  -

    .    [355]  -

         -

  .        -

     [355],      

      ,  -

         

 -  ,  , ,    

.  ,   [355]      

       -

,   .        -

      ,   

     , -

       (    -

)  FDTD.     

      , ,  , 

     .   -

   ,    

       ,   

 ,          

     ,    

    .  ,    -

        -

        

     (    ). 
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2.2.        -

   

 . 

 
. 2.1.   :      

  ,   jL ,  -

    ,   . 

       -

    (   -

  ,      

   ),    ,  -

     

( . 2.1).      -

  Oz  , . .       z . 

       

 : 

 
, ,

, .
0 0

0

t

t �
 (2.1) 

   0         

 ,     0     

    .     

 

1L

z

l

1x

n

2x
S

P E C

0z

jL

,, ,

, , ,

r t x y z t

r t zx y t
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 (2.1)     ,  -

      E B,   -

  D H, .       -

  : 

 

,

,

, ,

, .

0 0

0 0 0

0 1

1

 (2.2) 

 0   0      .  -

  (2.2)       

   , ,  ,  

         -

        

 : 

 , , , , , .r t r z t r t r z t  (2.3) 

  { , }r x y    .  ,    

     ,    

        -

    .    -

 ,    

0, 0  —  ,      -

         -

 .   , . . -

,         (2.3),  -

 ,     ,   

  (  (2.2)        

, ). 
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   (2.2)    (2.3)  

 (2.1)       : 

 ,t 0  (2.4) 

 ˆ ,t 0  (2.5) 

 ,0  (2.6) 

 .̂0  (2.7) 

   ˆ     ,  -

  ,    ˆ   ,  -

  ,  .      -

  : 

 
ˆ, ,

ˆ, .
t t0 0

0 0

 (2.8) 

        -

: 

 ˆ ˆ, , , .t t t t0 00 0 0 0   

         : 

 , , .
L L L

l n z00 0 0  (2.9) 

 N
jj

L L
1

 –       S ; l  – 

    L ; n  –    L ; 0z  –   

  Oz  ( . . 2.1). 

 -    . 

       

 ,       ,   

 ,      S ,  
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      Oz .   

  : 

 , , .z z zE z E H z H z0 0 0  (2.10) 

       (2.10)  

,     zA z A0   

   -   : 

 z zA A . (2.11) 

      : 

 z zA A z z A0 0 . (2.12) 

 (2.12) ,       S   

z zA z z A0 0 ,     z   

z A0 . 

  (2.11),    

(2.6)  -  : 

 z zE E 1
0 . (2.13) 

     (2.7): 

 ˆz zH H 1
0 . (2.14) 

  (2.12)     (2.4)-(2.5)   z : 

 t z zE z H J0 0 , (2.15) 

 ˆ
t z zH z E J0 0 . (2.16) 

  (2.12)    (2.4)-(2.5)  -

  S  : 

 z z tz H z H E J0 0 0 , (2.17) 

 ˆ
z z tz E z E H J0 0 0 . (2.18) 
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   (2.17)    -

  zH      (2.14),    (2.16) 

     : 

 
ˆ ,

z t z

z

z H E H z

J z

1 1 1 1
0 0 0

1 1 1 1
0 0

 (2.19) 

 
ˆ .

t z t

t z

z E H z E

z J J

1
0 0 0 0 0

1
0 0

 (2.20) 

    (2.18)    

  zE      (2.13),   

 (2.15)      : 

 
ˆ ,

z t z

z

z E H z E

J z

1 1 1 1
0 0 0

1 1 1 1
0 0

 (2.21) 

 
ˆ .

t z t

z t

z H E H z

J J z

1
0 0 0 0 0

1
0 0

 (2.22) 

     (2.9)      

      : 

 , .
L L

l E n H0 0  (2.23) 

   (2.9)       : 

 , .
L L

E H z00 0  (2.24) 

   (2.24)    (2.13)  ,  

L 0 .    (2.24)    (2.15)  -

,  z LJ 0 .    ,     -

       -

      .  -

    ,       
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  ,     

     . 

       . 

 ,      (2.19)-(2.22),  -

      ,   

 .     ,    

(2.19)-(2.20)      ,  

,    (2.21)-(2.22), ,   

   .  ,    

,   (2.21)-(2.22)      (2.19)-

(2.20)  E H , ˆ , ˆJ J , ˆ
z zJ J , ,   

0 0        ,   (2.19)-

(2.20)     H - ,   (2.21)-

(2.22)    E - .     

  .     (2.19)-(2.20)  -

  : 

ˆ

ˆ

H

z t z z

t z t t z

X

E H z J z

H z E z J J

1 1 1 1 1 1
0 0 0 0

1
0 0 0 0 0 0

 (2.25) 

 (2.21)-(2.22)  : 

ˆ

ˆ

E

t z t z t

z t z z

X

E H z J J z

H z E J z

1
0 0 0 0 0 0

1 1 1 1 1 1
0 0 0 0

 (2.26) 

      (2.19)-(2.22)  (2.25)-(2.26)  

  col( , )X E H ,    -

    ,     -

  H   E ,     -

    : 
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H
z E

X
z H

z H

z E

1 1
0

1
0

1 1
0

1
0

0

0
 (2.27) 

 
E

z E
X

z H

z H

z E

1
0

1 1
0

1
0

1 1
0

0

0
 (2.28) 

    H   E    

  ,L S4
2     

   { , }   col( , )X E H , ,   

   E   H     (2.23)-

(2.24).    ,L S4
2    : 

 ,
S

SX X E E H H dS1 2 1 2 1 2
1 . (2.29) 

   (2.29) ,     

       -

   , , ,L S L S L S4 2 2
2 2 2   « -

»  « »  .    ,L S2
2   

   : 

 , e
S

SE E E E dS1 2 1 2
1 . (2.30) 

    ,L S2
2     (2.23), 

(2.24)   E . 

 ,L S2
2      : 

 , h
S

SH H H H dS1 2 1 2
1 . (2.31) 
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       -

 (2.23), (2.24)   H . 

      H : 

: , ; , : ,H H H H

H

L S X L S X L S

z

z

4 4 4
2 2 2

1 1
0

1
0

0

0

D D

 (2.32) 

 E : 

: , ; , : ,E E E E

E

L S X L S W X L S

z

z

4 4 4
2 2 2

1
0

1 1
0

0

0

D D

 (2.33) 

  D     .  -

    ,    -

        -

 .       

  ,    ,L S4
2   -

   . 

 ,  ,    H   E ,  

(2.19)-(2.22)     (2.23)-(2.24)  -

  (2.25)-(2.26). 

         f  

S L

A f B B f A dS n A B n B A f dl  

    H   E .  ,  

, HX X1 2 D   , EX X1 2 D  , , -

 : 

 
, , ,
, , ,

H H

E E

X X X X

X X X X
1 2 1 2

1 2 1 2
 (2.34) 



 67

      ,L S4
2    

    , H E TL S L L L4
2   -

      .     

          -

,        

       -

 . 

  , ,  ,X L S4
2   ,  -

: 

 H E E HX X 0 , (2.35) 

 col( , , , )0 0 0 0 0  –    ,L S4
2 .   , 

       . 

      . 2.2. 

 
. 2.2.    , 

  ,H E . 

 ,  H
HL R  –    H .  -

     HL    

H

TE-modes

TM-modes

TEM-modes

TE-modes

TM-modes

TEM-modes

TE-modes

TM-modes

TEM-modes E

0

0
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,L S4
2     H , . . KerH

HL .  , -

  , KerH
HL S L4

2 .     E . 

 E
EL R  –    E ,   

, KerE
EL S L4

2 . ,    (2.35) KerH
EL   

KerE
HL .   TL     H   E , . . 

Ker KerT
H EL .        -

 ,   ,L S4
2       

   : , H E TL S L L L4
2 .  -

  ,    HL , EL   TL  -

   -, -  -  .   ,  

 TL     L    TL    

L  .     ,  -

 HD   ED ,   (2.32), (2.33),   ,L S4
2 . 

 (2.34)  H   E  ,     

.     ,   

    , . . ,  : 

 ,H E
H EL LD D , (2.36) 

   ,     

    / , . .   H , -

   ,    -

 HL ,    E ,   

 ,     EL .  , -

       , . .  TL .   

     ,L S4
2     

     ,L S4
2 . 
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  . 

     (2.32)-(2.33) 

       HL , EL   TL .  -

         ,L S4
2 , 

    ,    -

       ( -

   (2.1)    (2.9))  -

  ,L S4
2 .     HL  . 

    HL  -

.     H  ,    -

,           

, . .   HL .     H  -

    -        

 .  ,   mp2    -

,    col ,m m mX E H ,   mp2  -

  ,    

col ,m m mX E H .        -

  E   H   ,     E   H , -

       ,  

,        

.             

 mp2 . 

       H : 

 , .
H
mH H H

H m m m m H
m

E
W X p X X

H
2  (2.37) 

 H
mX  –    H ,  mp2  –   

 .     (2.37)   -
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: 

 

,

H H
m m m

H H
m m m

H H
m mL L

z H p E

z E p H

l E n H

1 1 2
0

1 2
0

0 0

 (2.38) 

      ,    -

 H
m r   H

m r    : 

 , .H H H H
m m m m m mE p z H p1 1 1

0  (2.39) 

 (2.39)  (2.38)       

        -

    L . 

 

,

H H
m m m
H H
m m m

H H
m m

L L

p

p

n n

2

1 2

0

0

0 0

 (2.40) 

    H  ,    -

,      -

   (2.29),      H  -

,     (2.30)   

   H
mE ,     

(2.31)    H
mH : 

 

, ,

, .

H H H H
m mm m m me

S

H H H H
m mm m m mh

S

S

S

E E E E dS

H H H H dS

1 21 2 1 2

1 21 2 1 2

1

1
 (2.41) 

    mn    .    

   (2.41)     -

   (2.39),     -

 : 
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 ,H H H H
m mm m m mh

S
S dS

1 21 2 1 2

1 . (2.42) 

        

,L S1
2   ( )     

r  ,    
Ln

0 . 

        -

  (2.39)   (2.13)-(2.16)  ,   

    H
mE , H

mH    -

       H
zE 0 .  -

,  -        

   HL     - . 

    EL  -

.        

 E    ,      

      H .   

  EL     ,    

  HL  . 

       E   : 

 , .
E
nE E E

E n n n n E
n

E
X q X X

H
2  (2.43) 

       : 

 

,

E E
n n n

E E
n n n

E E
n nL L

z H q E

z E q H

E H z

1 2
0

1 1 2
0

00 0

 (2.44) 

  (2.44)       

  E
n r   E

n r    : 
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 , .E E E E
n n n n n nE q H q z1 1 1

0  (2.45) 

 (2.45)  (2.44)      -

         

    L : 

 

,

E E
n n n

E E
n n n

E E
n nL L

q

q

1 2

2

0

0

0 0

 (2.46) 

   E  ,    , -

      -

  (2.29),      E  , 

       E
nE   

E
nH   : 

 

, ,

, .

E E E E
n nn n n ne

S

E E E E
n nn n n nh

S

S

S

E E E E dS

H H H H dS

1 21 2 1 2

1 21 2 1 2

1

1
 (2.47) 

      (2.47)   -

    (2.45),   -

   : 

 ,E E E E
n nn n n ne

S
S dS

1 21 2 1 2

1 . (2.48) 

        

,L S1
2   ( )     

r  ,    L 0 . 

        -

  (2.45)   (2.13)-(2.16)  ,   

    E
nE , E

nH    -

       E
zH 0 .  , 
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 -        -

   EL     - . 

    TL  -

.      TL     

  (2.37), (2.43)     ( -

  ).     : 

 , .
T T

H k kT
kT T

E k k

X E
X

X H

0

0
 (2.49) 

    (2.49)     : 

 

,

T
k

T
k

T T
k kL L

z H

z E

l E n H

1 1
0

1
0

0

0

0 0

 (2.50) 

 

,

T
k

T
k

T T
k kL L

z H

z E

E H z

1
0

1 1
0

0

0

0

0 0

 (2.51) 

   .    [284] -

 ,    N 1      

(2.50)-(2.51),  N  –  ,  S  (  -

 L ).  ,       TL  

     (2.50)-(2.51).    -

  :    T
k r   T

k r   

: 

 , .T T T T
k k k kE H z 1

0  (2.52) 

 (2.52)      (2.50)-(2.51)   

        L : 

 ,
j j

T T
k k

j jT T
k kk kL L

c d

10 0
 (2.53) 
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 j
kc   j

kd  –    j -    jL .  -

 N 1       N
kc 0 , j

kjkc   

, ,k j N1 1    j
kd . 

     (2.50)-(2.51)  

   TL .      -

,         -

- .    ,    -

   : 

 
, ,

, .

T T T T
k k k k k k

e
S

T T T T
k k k k k k

h
S

S

S

E E E E dS

H H H H dS

1 2 1 2 1 2

1 2 1 2 1 2

1

1
 (2.54) 

       (2.52)   

(2.13)-(2.16)   (2.53)  ,    

  TL  ,   , -

          -

,         

     (   

     - ). 

  .    ,  -

   –   (2.38), (2.44)  (2.50)-(2.51) -

   (2.41), (2.47)  (2.54).  ,  -

  (2.35)      -

   .   ,     -

  (       -

 ): 
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,

,

,

,

,

,

H E H E
m n m n

e
S

H T H T
m k m k

e
S

E T E T
n k n k

e
S

H E H E
m n m n

h
S

H T H T
m k m k

h
S

E T E T
n k n k

h
S

S

S

S

S

S

S

E E E E dS

E E E E dS

E E E E dS

H H H H dS

H H H H dS

H H H H dS

1

1

1

1

1

1

0

0

0

0

0

0

 (2.55) 

   (2.41), (2.47), (2.54)  (2.55)   -

     : 

 
, ,

, , , .
, ,

A B
m n mn ABe

A B
m n mn ABh

E E
A B H E T

H H
 (2.56) 

       (2.56). 

   ,       

 . 

     

.        HL , EL   TL ,  -

       ,L S4
2 ,  -

    ,    

 .      -

      : 
/ , , , ,h h e e t t

m m n n k k
m n k

E r t v z t E r v z t E r v z t E r1 2
0 � , (2.57) 

/ , , , ,h h e e h t
m m n n k k

m n k

H r t i z t H r i z t H r i z t H r1 2
0 . (2.58) 

      zE   

   ,       

(2.9),       L . -
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,         

,    L      ,  

 zE .  ,    ,    

 ,L S1
2 ,    E

n   E
n , -

    (2.46).  ,    -

 (2.48),  zE     : 

 , ,E E E E
z z n n z n ne e

E E E . (2.59) 

        
E
n .    : 

 / , , E
z n n n

n

E r t e z t q r1 2
0 . (2.60) 

  nq        

. 

   ,     -

    zH .     -

  ,    L  ,   zH , 

   .  ,   -

 ,     ,L S1
2 ,  -

  H
m   H

m ,      

(2.40).     (2.42)  zH    -

: 

 , ,H H H H
z z m m z m mh h

H H H . (2.61) 

        -

   H
m ,     : 

 / , , H
z m m m

m

H r t h z t p r1 2
0 . (2.62) 
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    (2.57), (2.58), (2.60)  (2.62)  -

 h
mv , e

nv , t
kv , h

mi , e
ni , t

ki , ne   mh     -

 z    t .      ( -

 )   .  ,  , -

    ,   , -

. 

  .    -

  (2.1),    , 

     
t

r00
, 

t
r00

. 

     ,     

 .  ,       

  (2.57), (2.58), (2.60)  (2.62),     -

      ,   

 (2.42), (2.48)    (2.56).  -

          

t 0 : 

 

/

/

/

/

, ,

, ,
, ,

, ,

, ,

z

z

A A
m m

S

A A
m m

S

E
n n n

S

H
m m m

S

v z E r E r dS
S

A h e t
i z H r H r dS

S

e z q E r r dS
S

h z p H r r dS
S

1 2
00

1 2
00

1 2 1
00

1 2 1
00

1
0 0

1
0 0

1
0 0

1
0 0

 (2.63) 

 ,  (2.63)     -

   . ,    

, , ,zr t J r t z J r t0      -

   , , ,A
mE A h e t  : 

 /, , , , , , ,A A
m m e

j z t J r z t E r A h e t1 2
0   
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   ,J r t    , , ,A
mH A H E T  -

     : 

 /, , , , , , ,A A
m m h

j z t J r z t H r A h e t1 2
0 .  

    ,zJ r t    H
m  , 

    : 

 /, , , ,z H
m m z m h

j z t p J r z t r1 2 1
0 .  

        E
n   : 

 /, , , ,z E
n n z n e

j z t q J r z t r1 2 1
0 .  

    (2.57), (2.58), (2.60)  (2.62)  -

    (2.13)-(2.16), (2.19)-(2.22)  

     ,   

 ,     

     . 

     ( ). 

        

  (2.57)-(2.58)   (2.19)-(2.22).   

        

(2.30)  (2.31),      (2.56).  -

      -

    : 

 
,

h hh h he e ht t
z m z z zmm m mm m mm m

m m m

h h
m m m

S
S

v L i L i L i

p i f r t E dS2
1

1
 (2.64) 

 
,

e he h ee e te t
z n z z zn n n n n n n n n

n n n

e e
n n n

S
S

i L v L v L v

q v f r t H dS2
2

1
 (2.65) 
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,

h hh h eh e th t
z m m m m m m m m m m

m m m

h h
m m m

S
S

i K v K v K v

p v f r t H dS2
3

1
 (2.66) 

,

e eh h ee e et t
z n nn n nn n nn n

n n n

e e
n n n

S
S

v K i K i K i

q i f r t E dS2
4

1
  (2.67) 

,t th h te e tt t t
z k z z z kkk k kk k kk k

k k k S
Sv L i L i L i f r t E dS1
1 (2.68) 

,t ht t et e tt t t
z k z z z kk k k k k k k k k

k k k S
Si L v L v L v f r t H dS2
1 (2.69) 

,

t ht h et e tt t
z k k k k k k k k k k

k k k

t
k

S
S

i K v K v K v

f r t H dS3
1

  (2.70) 

,

t th h te e tt t
z k kk k kk k kk k

k k k

t
k

S
S

v K i K i K i

f r t E dS4
1

 (2.71) 

   (2.13)-(2.16).     

 ,     . 

     (2.57)-(2.58).   , 

      , -

  (2.39), (2.45)  (2.52).       

 ,    (2.42) 

 (2.48),        -

  : 

 / ˆhh h h h
z m m mm m m

m S
SL v i J p dS1 2 1

0
1  (2.72) 

 / ˆh hh h h
z m m mmm m

m S
Sv K i J p dS1 2 1

0
1  (2.73) 
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 /ee e e e
z n n nnn n

n S
SL i v J q dS1 2 1

0
1  (2.74) 

 /e ee e e
z n n nn n n

n S
Si K v J q dS1 2 1

0
1  (2.75) 

 c  –    , ct .      

   : 

 

/ /

/ /

/ /

/ /

ˆ, ,

ˆ, ,

ˆ, ,

ˆ, .

z

z

z

z

f r t z J

f r t z J

f r t J z J

f r t z J J

1 2 1 21
1 00 0

1 2 1 21
2 0 0 0

1 2 1 21
3 00 0

1 2 1 21
4 0 0 0

  

         
AB
mnL   AB

mnK ,   .    -

    : 

 , , ,

AB A B
mn m n

S

AB A B
mn m n

S

S

S

L z E H dS

A B h e t
K z E H dS

0

0

1

1
. (2.76) 

        

: 

 ,
The e he e ht H ht h

z z z zmm m k k k
m k

L i L vL i L v . (2.77) 

()T        . 

   (2.76)      

   (2.39), (2.45)  (2.52)    -

  ABL   ABK  , , ,A B h e t     -

.         -

   .      -

  : 
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, ,

, .

hh h h hh h h
m mmm m mm m

S S

ee e e ee e e
n nnn n nn n

S S

m m
mm

nn
n n

pp
p pS S

q q
q qS S

L dS K dS

L dS K dS

1 1

1 1
 (2.78) 

    ,   : 

 et th eh te ht heL L L K K K 0 . (2.79) 

 , ,  6   18   -

.      : 

,
,

T T T TBA CA AB AC AB AC BA CA

A A A A

B C

B C

K L L K K L L K

0
I

 (2.80) 

 , , , ,A B C h e t ; 0  –  , I  –  . -

  A   (2.80) ,  A     h , e  

 t    B   C .  (2.80)   (2.79) : 

 , , ,
T T T TAA AA AA AA AA AA AA AA A h e tL K K L K L L K I .(2.81) 

    (2.79)-(2.81)    

  ,     ,   

  ( . .   I ) -    . 

    (2.64)-(2.75)    

   ,     6 -

   12  .     -

,     ,      . 

,   (2.81)  ,   (2.72)  

(2.73) .        (2.74)  (2.75).  

,   (2.64)-(2.75)      -

   ,      -

  ,        

,    . 
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        -

.      (2.13)-(2.16)   -

   (2.57)-(2.58),    (2.60), (2.62).  , 

      (2.39), (2.45)  (2.52)  

  .       

 ,     (2.42), (2.48)  

 (2.78)    : 

 

/

/ ˆ

e e
z n n n n

S

h h
z m m m m

S

S

S

e v q dS

h i p dS

1 2 1
0

1 2 1
0

1

1
 (2.82) 

 

/

/ ˆ

ee e e
n z n nnn n

n S

hh h h
m z m mm m m

m S

S

S

e L i J q dS

h L v J p dS

1 2 1
0

1 2 1
0

1

1
 (2.83) 

  (2.82)  (2.83),     -

         -

  .  ,    -

    v i, ,      

  e h, ,  (2.82)  (2.83) (    -

,       ). 

2.3.       -
      -

 . 

       -

        -

 .       

   .      

        -

   ( . 2.3 ).     
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 d .  ,     -

 ,   d .     -

,  d 1 , 1  ,x 0 1 . 

 

t

x

t

x  
. 2.3.   ,   

     ,     

 (    )    -

 0x .       -  -

    1x   x , .    

   z ,     

   x   y . ,   -

     ,    

   x .   y ,     z ,  -

. 

      -

    0z   ,  

  x . 

   .    -

         (2.40), 

(2.46)  (2.53).          

    y ,      

 xx0 .     ,  ,   -

 ( 1),  (2.40)    : 

z

y

d

x

1

1I

II

I

II
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, , ,

H
m H

m m

H H
m m H

m m

H H H H
m m m m

x x x x

d
p

dx

d d d
p

dx dxdx

d d d d
dx dx dx dx

2
2

2

2
2

2

0 1 0 1

0

1
0

0 0 0 0

 (2.84) 

      -

 -      : 

 
, ,
, ,

x
x

x

1 0

1
 (2.85) 

    (2.84)     .  

  ,    ,   -

,     I ,   , -

    ,  ,  

  II .   (2.84)    

       : 

 

, ,

, ,

, ,

, ,

cos ch ,

cos ch ,

cos ch ,

cos ch .

1 2

1 4 1 4
1 2

1 2

1 2 1 4 1 2 1 4
1 2

1 1

1 1

I

II

I

II

H
m m m m m

H
m m m m m

H
m m m m m

H
m m m m m

A p x A p x

B p x B p x

A p x A p x

B p x B p x

 (2.86) 

   H
m   H

m    (2.39)   

   HL  : 

 

, ,

, ,

, ,

, ,

sin sh ,

sin sh ,

sin sh ,

sin sh .

I

II

I

II

H
m m m m m

H
m m m m m

H
m m m m m

H
m m m m m

E y A p x A p x

E y B p x B p x

H x A p x A p x

H x B p x B p x

0 1 2

1 4 1 4 1 4
0 1 2

0 1 2

1 4 1 4 1 4
0 1 2

1 1

1 1

 (2.87) 

 0x   0y    .   ,1 mA , ,2 mA , 

,1 mB   ,2 mB   (2.86)-(2.87)       
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 H
m

, H
x m

1 , H
m

  H
x m

    ,   

           

 (2.39).        

: 

cos ch cos ch

cos ch cos ch

sin sh sin sh

sin sh sin sh

1 4 1 4

1 2 1 4 1 2 1 4

1 4 1 4 1 4 1 4

1 4 1 4 1 4 1 4

m m m m

m m m m

m m m m

m m m m

p p p p

p p p p

p p p p

p p p p

,

,

,

,

1

2

1

2

0

0

0

0

m

m

m

m

A

A

B

B

 (2.88) 

  mp   (2.84)     -

   (2.88)      -

    H - .  ,mA1 , ,mA2 , ,mB1   ,mB2  -

     (2.88),   -

         -

 (2.41)      (2.42). 

       EL  . 

    (2.46)     

 : 

 

, , ,

E
n E

n n

E E
n n E

n n

E E E E
n n n nx x x x

d
q

dx

d d d
q

dx dxdx

2
2

2

2
2

2

0 1 0 1

0

1
0

0 0 0 0

 (2.89) 

  (2.89),     ,    

     E
n   E

n : 
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, ,

, ,

, ,

, ,

sin sh ,

sin sh ,

sin sh ,

sin sh .

3 4

1 2 1 4 1 2 1 4
3 4

3 4

1 4 1 4
3 4

1 1

1 1

I

II

I

II

E
n n n n n

E
n n n n n

E
n n n n n

E
n n n n n

A q x A q x

B q x B q x

A q x A q x

B q x B q x

 (2.90) 

 (2.90)   (2.45),    -

 : 

 

, ,

, ,

, ,

, ,

cos ch ,

cos ch ,

cos ch ,

cos ch .

0 3 4

1 4 1 4 1 4
0 3 4

0 3 4

1 4 1 4 1 4
0 3 4

1 1

1 1

I

II

I

II

E
n n n n n

E
n n n n n

E
n n n n n

E
n n n n n

E x A q x A q x

E x B q x B q x

H y A q x A q x

H y B q x B q x

 (2.91) 

  ,nA3 , ,nA4 , ,nB3   ,nB4   (2.90)-(2.91)   

     E
n , E

x n , E
n   E

x n   -

  ,        -

    .      

  : 

 

sin sh sin sh

sin sh sin sh

cos ch cos ch

cos ch cos ch

1 2 1 4 1 2 1 4

1 4 1 4

3 4 1 4 3 4 1 4

1 4 1 4 1 4 1 4

n n n n

n n n n

n n n n

n n n n

q q q q

q q q q

q q q q

q q q q

,

,

,

,

3

4

3

4

0

0

0

0

n

n

n

n

A

A

B

B

 (2.92) 

   (2.89) nq     -

    (2.92)    -

   E - .  ,nA3 , ,nA4 , ,nB3   ,nB4   -

    (2.92),     -

        (2.47)  

    (2.48). 
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    TL  .     

(2.53),         

: 

 
, ,

T TT

T T T T
x x x x

d d dd
dx dxdxdx

22

22

0 1 0 1

1
00

0 0

 (2.93) 

     ,    ,  

           

     (2.54)   -

   TL  .   (2.93)  -

 ,      T   T   -

  (2.52)        -

  (2.54)      -

     TL  : 

 

,

, ,

, ,

.

I II

I II

I II

I II

T T T

T T

T T

T T T

x

x
x

E x E x

H H H y

0 0

0

1 1

1
1 1

 (2.94) 

   .  

  ,   (2.76),   . 

   (2.87), (2.91)  (2.94)  (2.76) ,  -

  (2.79)     : 

 HE HT EH THL L K K 0 . (2.95) 

 ,       -

  H -   E -, T - .    ,   

     ,     -

     H - ,   –   
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E -  T - .        -

 (2.64)-(2.75), (2.82)-(2.83)     (2.79), (2.95)  -

,  1 .      -

   , . . ,  ˆ 0   ˆ 0 .   -

  H - .   (2.72)  (2.66)   

    h
mv : 

/hh h hh h h h
zz m m mm m m m m m

m m S

K v L v p v J z H dS
S

1 22
00

1  (2.96) 

  (2.73)  (2.64)    h
mi : 

 /hh h hh h h h
zz m m z mmm m mm m

m m S

K i L i p i J E dS
S

1 22
0

1 . (2.97) 

    E -  T - .   (2.65), 

(2.75)  (2.69), (2.70)       

 e
nv   tv : 

 
/ / ,

ee e ee e e te t
zz n n n zzn n n n n n

n n

e e
n n n

S S

K v L v q v L v

J q dS z H dS
S S

2

1 2 1 21 1
00 0

1 1  (2.98) 

 
/ / .

tt t tt t et e
zz n n

n

t t

S S

K v L v K v

z H dS z J H dS
S S

1 2 1 21
0 00 0

1 1  (2.99) 

   (2.67), (2.74)  (2.68), (2.71)   

    e
ni   ti : 

 
/ / ,

ee e ee e e et t
zz n n nnn n nn n

n n

e e
z n n z n

S S

K i L i q i K i

J q dS J E dS
S S

2

1 2 1 1 1 2
0 0

1 1  (2.100) 

/ /tt t tt t te e t t
zz zz z zn n

n S S

K i L i L i J E dS J E dS
S S

1 2 1 1 2
0 0

1 1 (2.101) 
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  ,      (2.64)-

(2.75), (2.82)-(2.83),     -

         , -

   (2.96)-(2.101), . ,   -

 (2.96)  (2.97)  h
mv   h

mi   H -     -

 : 

 

/ ,

.

hh h hh h h h
zz m m mm m m m m m

m m S

h hh h
m zm m m

m

K v L v p v z J H dS
S

i L v

2 1 2
0 0

1

  

          

(2.98)-(2.101). 

       -

 ne , mh   .     , -

,  ,    (2.83): 

 /ee e e
n z n nnn n

n S

e L i J q dS
S

1 2 1
0

1 , (2.102) 

 hh h
m m m m

m

h L v . (2.103) 

  ,        

         

. ,    (2.96), (2.97)  (2.103),  

 H - ,  ,    (2.98)-(2.102),  

 E -  T - . 

       -

   : 

 ( ) ( )J x z f t0  (2.104) 

 ( )z  –   , ( )f t  –   , -

      .  -
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zJ 0   0 .   (2.104)    (2.96)-(2.103)

, ,         (2.99)  

(2.101)  .  ,     

 (2.104)   T - ,      

     E - . H -    

  ,       

  H -   E -  T - ,   

      (2.98)-(2.102).  -

  (2.80)  (2.81),       -

    : 

 

T Te ee ee e ee e ee te t
zz zz

T Tt tt tt et ee te t
zz

T Ttt et ee ee e e tt h
zz

v

v L L v

L L J

v L L v L q v L L

K L L

K L L v q v

2

2

 (2.105) 

 

T Te ee ee et tt te e ee e
zz

Tee et tt tt t e
zz

t tt tt T tt te e tt e
zz zz

L

L L i J

i L L i L L J

i L L K L i L q i

L K

L i

2

 (2.106) 

 ee ee L i  (2.107) 

 (2.105)-(2.107)      , -

  (2.77).     : 2q  – 

 ,        

 (2.89); /( , )h t

S

J z t z J H dS
S

1 2
0 0

1   ( , )eJ z t  

/ t
z

S

J E dS
S

1 2
0

1  –   . 

  - .   

(2.105)-(2.107)       

      . -

        . -
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         [5-8]. -

     (2.105)-(2.107)    

 .      -

  [8].       

  ,u z  (  u       

 e
nv , tv , e

ni , ti , ne )    .  

       , ; ,j
iu u i z j i j . -

           -

   : j j n j
zz i i i iu z u u u2

1 12 , 

j j j
i i iu u u1 111

2
, j j j j

i i i iu u u u1 12 2 .  

    (2.105)-(2.107)      

-         : 
j j j j j j j je e e e e t t t
i i i i i i i i

j j j j j j j j jt t t t t e e e
ii i i i i i i i

a a a v v v

v v v v v F

v v v v v

v v v

1 1
1 2 31 1 1 1

1 1
1 2 3 41 1 1 1

2
(2.108) 

j j j j j j j j je e e e e t t t
ii i i i i i i i

j j j j j j j j jt t t t t e e e
ii i i i i i i i

b b b i i i G

i i i i i G

i i i i i

i i i

1 1
1 2 3 11 1 1 1

1 1
1 2 3 21 1 1 1

2

2
 (2.109) 

 
jj j ee e

i i i
e e L i1 1 2  (2.110) 

      : 

 
,

T Tee ee ee te

Tee ee ee

a a
z z

a
z

L L L L

I L L L q

2 2

1 3

2
2 2

2 2 2

  (2.111) 
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T Ttt tt et ee te

T Ttt tt et ee te

T Ttt et ee ee

T Ttt et ee ee

L L
z

L L
z

L
z

L
z

K L L

K L L

K L L

K L q L

2

1

2

2

2

3

2 2
4 2

2 2

2

  (2.112) 

 

,
T Tee ee et tt te ee et tt tt

T Tee ee et tt te ee

b L b L L
z z

b L
z

L L K L L K

I L L K L L q

2 2

1 3

2
2 2

2 2 2   (2.113) 

 , ,tt tt tt tt tt teL L L L L
z z z

L
2 2 2

1 2 32 2   (2.114) 

  (  )   : 

 

,

,

,

tt

Tee et tt

tt

F z L f z

G z L f z

G z L f z

L K

2
0

2
1 0

2
2 0

1

1

  (2.115) 

    ev , ei   e   -

 ,    -   

(2.108)-(2.110)        .  

      .   

   , ,    ,   

    ,     -

      .   
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   (2.104)       

: 

 expf t t T t T t T2 1 3 . (2.116) 

 ,       , -

     FDTD   Yee [144].  -

     /z x 1 40 ,    

/z 2 .        z   .  

  3 ,   ,0 25 ,    

   (2.116)   1T . 

  . 2.3     -

          

     ,     

   (2.108).     -

, . .   (2.57)    -   -

  - .   ,     

   ,      -

-  .  . 2.3 ,     -

     ,     -

    -   -   -

 - .       10d    -

  ,      -

  . 

   . 2.4    , -

    FDTD,  ,    

    1  3 ).    ,  

  -   (  T -     E - ) 

  .      

   . 2.4.   ,    ,  

       -
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 ,     n 1   n  . ,  -

,   ,      ,  -

 .       . 

  ,  ,  ,    

         

, . .      (2.57)-(2.58), (2.60)  

(2.62),        (   ) 

      .  

  ,      -

   ,    ,  -

 ,     -

  (      f 3 ). 

. 2.4.    FDTD,  . :  -

          -

  FDTD ( )    (  –  

,  – ). :   -

      n   1n    

o1( ),2( ),3( ),4( )n . 

0 5 10 15

0.6

0.4

0.2

0.2
c t

, ,0xE x z t

0 5 10 1

0.6

0.4

0.2

0.2
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2.4.      -

   .   -
    . 

 -    -

 ,       ( ).  

      HE   EH   -

        . 

         H - 

,    HE ;   E - ,     

 EH  .  ,    -  

   ,     -

 (  ) .     -

   ,   ,  

   [263].  ,   -

-       -

 , . .  ,    ,  -

     .   -

  .    ,   

   ,   ,    -

 ,  ,      -

   [263]. 

       ,   

   .     -

 -  ,    -

    –     -

  ( . 2.5).   [263]     -

     .      -

     - -   -

  . 
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. 2.5.   :      

  . 

      , . .    

(2.40), (2.46)  (2.53).    1,    

  -  : 

 
, ,
, ,

R

R R
1

1 2

0

1
 (2.117) 

       -

 , ,z         

: 

 1
0 0 . (2.118) 

  (2.117)  (2.118)  (2.40)   : 

 

,

,

, , , ,

,, , , ,

HH
m Hm

m m

HH
m Hm

m m

H H H H
m m m m

R R

H H H H
m m m m

p

p

d d d d
d d d d

2 2

2
2

2 2

1 2
21

2 2

0 0

1 1
0

1
0

0 0

2 2

 (2.119) 

 

2R

I y

x

1RII
I

1II
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 ,      0 .    -

 (2.117)      ,   

 (2.119)    .    

  ,    .  -

  ,    ,  -

,     I ,   ,  -

   ,   ,  

  II  ( . . 2.5).     -

 , . .   cos j   sin j   1j ,   HL  

    ,   EL   

—  .        -

 (        ).   -

    (2.119)       

   sin    : 

, ,

, , , ,

, ,

, , , ,

sin ,

sin ,

sin ,

sin .

I

II

I

II

H
m m mm m

H
m m m m mm m m m

H
m m mm m

H
m m m m mm m m m

A J A Ip p

B J B Y B I B Kp p p p

A J A Ip p

B J B Y B I B Kp p p p

4 4
1 1 3 1

1 1 2 1 3 1 4 1

4 4
1 1 3 1

1 1 2 1 3 1 4 1

 (2.120) 

 sJ   sY  –       s -  , 

sI   sK  –        s -

 .   (2.39),    

: 
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, ,

, ,

, , ,

cos

sin

cos

I

II

h
m m mm m

m

mm
m mm m

m m

h
m m mm m mm

m

E A J A Ip p
p

I pJ p
A J A Ip p

p p

B J B Y B I Bp p pE
p

4 4
0 1 1 3 11

2

44
114 4

0 1 0 3 01 4 4
4

1 1 2 1 3 1 40 ,

, ,

, ,

, ,

sin

cosI

m m

m m
m mm m

m m

m m
m mm m

m m

H
m m mm m

m

K p

J Yp p
B J B Yp p

p p

I Kp p
B I B Kp p

p p

H B J B Ip p
p

1

1 1
0 1 0 2 0

1 1
3 0 4 0

4 4
0 1 1 3 1

, ,

, , , ,

,

sin

cos

sin

II

mm
m mm m

m m

h
m m m m mm m m m

m

m
m m

m

I pJ p
A J A Ip p

p p

H B J B Y B I B Kp p p p
p

J p
B J p

p

44
114 4

0 1 0 3 01 4 4
4

0 1 1 2 1 3 1 4 1

1
0 1 0 ,

, ,

m
m m

m

m m
m mm m

m m

Y p
B Y p

p

I Kp p
B I B Kp p

p p

1
2 0

1 1
3 0 4 0

 (2.121) 

  ,mA1 , ,mA3 , ,mB1 , ,mB2 , ,mB3   ,mB4   (2.120)-(2.121) 

       R2   -

     h
m , h

m
1 , h

m   h
m    

   R1 ,      -

        (2.39).   

    : 
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,

,

,

,

,

,

m

m

m

m

m

m

J I J Y I K A

AJ I J Y I K
B

J I J Y I K B
J I J Y I K B

J Y I K B
J Y I K

1 1
4 4

0
1

1 1
4 4 3

1 1 1
2 2

1 1 1 1 1 1 2

1 1 1 1 1 1 3

4
0 0

0 0

0

0

0

0

0

0

 (2.122) 

 J x
J x J x

x
1

0 , Y x
Y x Y x

x
1

0 , I x
I x I x

x
1

0 , 

K x
K x K x

x
1

0 , mp R4
1 , 1mp R , 2mp R .   

mp2   (2.119)      -

  (2.122)         H - -

.  ,mA1 , ,mA3 , ,mB1 , ,mB2 , ,mB3   ,mB4    

   (2.122),      

       (2.41)   

 (2.42)   . 

 (2.46)        

 : 

 

,

,

, , , ,, ,, ,

,, , , ,

ee
n en

n n

ee
n en

n n

e eE e
n nn n

e e e e
n n n n

q

q

R R

2
2

2 2

2
2

2 2

2 2

1 1
0

1
0

0 00 0

2 2

 (2.123) 

  (2.123)   ,    -

 : 
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, ,

, , , ,

, ,

, , , ,

cos ,

cos ,

cos ,

cos .

I

II

I

II

E
n n nn n

E
n n n n nn n n n

E
n n nn n

E
n n n n nn n n n

C J C Iq q

D J D Y D I D Kq q q q

C J C Iq q

D J D Y D I D Kq q q q

4 4
1 1 3 1

1 1 2 1 3 1 4 1

4 4
1 1 3 1

1 1 2 1 3 1 4 1

 (2.124) 

  (2.45),     -

 (2.124)    : 

, ,

, ,

, ,

sin

cos

cos

4 4
0 1 1 3 1

4 4
1 14 4

0 1 0 3 01 4 4
4

1
0 1 0 2 0

I

II

E
n n nn n

n

n n
n nn n

n n

E n
n n nn n

n

E C J C Iq q
q

J Iq q
C J C Iq q

q q

J q
E D J D Yq q

q

, ,

, , , ,

, ,

sin

sin

1

1 1
3 0 4 0

0 1 1 2 1 3 1 4 1

4 4
0 1 1 3 11

2

I

n

n

n n
n nn n

n n

n n n nn n n n
n

E
n n nn n

n

Y q

q

I Kq q
D I D Kq q

q q

D J D Y C I D Kq q q q
q

H C J C Iq q
q

, ,

, , , ,

,

cos

sin

cos

4 4
1 14 4

0 1 0 3 03 4 4
4

0 1 1 2 1 3 1 4 1

1
0 1 03

4

II

n n
n nn n

n n

E
n n n n nn n n n

n

n
n n

n

J Iq q
C J C Iq q

q q

H D J D Y D I D Kq q q q
q

J q
D J q

q ,

, ,

1
2 0

1 1
3 0 4 0

n
n n

n

n n
n nn n

n n

Y q
D Y q

q

I Kq q
D I D Kq q

q q

 (2.125) 

  ,nC1 , ,nC3 , ,nD1 , ,nD2 , ,nD3   ,nD4   (2.124)-(2.125) 

       R2   -

     e
n , e

n , e
n   e

n   -
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   R1 ,        

       (2.45).     

  : 

,

,

,

,

,

3 3
4 4

1
5 5
4 4 3

1
1 1 1 1 1 1

1 1 2
2 2

1 1 1 1 1 1 3

1 1 1 1 4

1 1 1 1

0 0

0 0

m

m

m

m

m

J I J Y I Kh h A

AJ I J Y I Kh h
BJ I J Y I Kh h
B

J I J Y I Kh h B
J Y I K B
J Y I K

,

0

0

0

0

0

0m

 (2.126) 

 nh q R4
1 , nq R1 , nq R2 .    (2.123) nq2  

       

(2.126)      E - .  ,nC1 , ,nC3 , 

,nD1 , ,nD2 , ,nD3   ,nD4       

(2.126),          

   (2.47)     -

  (2.48). 

  (2.53)     ,    

,         T - . 

     (2.76).   ,  

     ,     

  hhL , eeL , heL , hhK , eeK   ehK ,   -

 .    (2.64) – (2.75)  -

    ,  1     -

 : 

 det
hh hh he

eh ee ee

k

k k

K L p L
K K L q

2 2 2 2

2 2 2 2
0 . (2.127) 
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,     -   

        (2.127).   -

  ,      . 

 ,   ,        -

     ,    

   , ,    ,   

   . 

 . 2.6   ,  -

         , -

   (2.127),     (   )  

  (   ).        

(R2 1),    10 .    -

 20   (10 -  10 - ). 

 

   
)      ) 

 1-  ,     

 2-  ,     

 1-  ,     

 2-  ,     

. 2.6.        -

 . : 0.4R , : ,1 0 4732R . 

. 2.6   « »  . 

  ,   ,     -

         

0 2 4 6
20

10

0

10

20

30

0

2

2k

0 2 4 6
20

0

20

40

0

2

2k
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 ,         -

 .   [356]        

. 

      ,   [263]  -

        -

.      ,   

.          

 [263]     .  

        

       -

  (2.127),    .   

     ,     -

 (2.127)   . 

        -

         

  (  4.3)     -

   .     ,  

      ,  -

     .    -

      p . 

2.5.      -
      -

 . 

       -

     .     -

   .    -

 -  ,   ,     -

   ,  . 
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      ,  

 . 2.7.         

,     .  

    .  

     -      , 

   -     (  

 - ),       (  ) 

.        -

,          -

,      ,  -

          -

   .     -

        . 

   ,     ,   

          -

,      ,   -

       . 

  T  

1
H  

2
H

1
E  2

E

. 2.7.         

    . 

   ,      ,  

    ,     -,    -

  .        . 

x

y

2
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          -

        -

. ,      (2.40), (2.46)  (2.53). 

      Partial Differential Equation 

Toolbox    MATLAB,     -

  .  . 2.7    -

   ,     

,   : 1a ; ,1 0 3a ; ,2 0 7a ; ,0 5b ; 

,1 0 15b ; ,2 0 2b  3 .  ,      

,       ( -

 ),     ,    

   (  )   .    

    .   ,  -

        (    

   )     

.   ,     

(2.78)    .  ,    

 (2.108)-(2.110)      -

       .  

       ,  -

 (2.57), (2.58), (2.60), (2.62),    ,   -

       . 

          

    :    -

 ,       -

    (    PDE Toolbox  

MATLAB),   ,   -

,    FDTD       

       

(2.108)-(2.110). 
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   2 

        -

          

    .   

       -

,       -, 

-,  - .      

( ),        

   . ,  ,  -

 ,     .  -

   ,    -

   ,     -

 ,      . -

       -

    .    ,  

     ,   

     .      

      -

        -  -

, ,       

. 

        
  .      

        
   .     -

  FDTD, FVTD  FEM,      
 (    ).     -

       (  -
, ).      
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.        -

 ,      (  ), -
    .    -

        -
.  ,       -
      ,  

         -
.  ,      -

           ,  
       -

  . 
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 3 EQUATION SECTION (NEXT)  
      

         
        -

       -
,        -

       .    
     ,   

      5.3.4    
    .  ,  -

      ,    -
  ,    ,  

   .      
  .     

   ,   -
   ,       
 5.2.3       . 

         [16, 23, 
31, 41, 43, 52, 55, 62, 68, 77]. 

3.1.  

         -
      -
      .  

       ,   
    .    

    .    ,   
      ,   .  

      -
,        . 
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       Hansena  1935  
[341].        1954   Bouwkamp 
[342].  1956   Bailin [343]      

  .        , 
   ,      [344, 

345], Coilin [346], Shlivinski [347], Nevels [348].      
       [349],  

[350, 351],  [352].       -
       [85, 86].    -

       . . [353, 
354].          -

, - ,     -
   , - ,     

,  ,       
     . 

3.2.        -
   

         [16]. 

  .     . 3.1.  

   ,       -

,   , ,r .   , 

     ,  

           

      : 

 ( , ) ( , ) ( , ), ( , ) ( , ) ( , ).r t r t r t r t  (3.1) 

        (  ) -

   , . .    -

       .  

         -
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   ,     . 

      ,  

 jL ,       ,  

         .  

 ,   ,  N
jj

L L
1

, 

 N  –  .  S     , -

   L ,–     , 

   .  ,    S  

   . 

r t r t

r t r t

( , ) ( , ) ( , )

( , ) ( , ) ( , )

PEC

0

0r
0n

y

, ,r r

z

x

2L

1L

l

 
. 3.1.   :  ,    

(   )    ,   

jL ,        -

          . 

     ,     

 (2.1),    (2.2),   

       

  (3.1).    (2.2)   

(3.1)      (2.8),    : 

 t 0 , (3.2) 

 ˆ
t 0 , (3.3) 



 111

 0 , (3.4) 

 ˆ0 . (3.5) 

      : 

 , , .00 0 0
L L L

l n r  (3.6) 

 l  –        L ; n  – 

    ; r0  –  . 

 -    .   -

          

 : 

 ˆ ˆ ˆ, , , .0 0 0 0r r r rE r E H r H J r J J r J   

       : 

 
sinrr 0

00 . (3.7) 

    ,      

 0r , 0 , 0       , . 

   (3.4)-(3.5)    (3.7) 

    : 

 
,

.̂

r r

r r

r r E r E

r r H r H

2 2 1
0 0

2 2 1
0 0

 (3.8) 

    (3.2)-(3.3)   -

 (3.7)  : 

 
,

ˆ .

t r r

t r r

r H r E J

r E r H J

1
0 0

1
0 0

 (3.9) 

    (3.2)-(3.3)   : 

 
,

ˆ.

r r t

r r t

r r H r r H E J

r r E r r E H J

1
0 0 0

1
0 0 0

 (3.10) 
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  (3.8)-(3.9)      

 (3.10),        -

     : 

ˆ

r t r

r

r H r r E r rH r

r r J r r

1 1 1 1 3 1 1
0 0 0

1 1 1 3 1 1
0 0

(3.11) 

ˆ

r t r

r

r E r r H r r rE

r r J r r

1 1 1 1 3 1 1
0 0 0

1 1 1 3 1 1
0 0

 (3.12) 

ˆ
t r t

t r

r E r r rH r E

r r r J J

1 2 1
0 0 0 0

1
0 0

 (3.13) 

ˆ

t r t

r t

r H r r rE H r

r J r J r

1 2 1
0 0 0 0

1
0 0

 (3.14) 

  (3.6)  -     (3.8)-(3.9) -

  : 

 
, ,

, ,
L L

L L

l E E

n H H r0

0 0

0 0
 (3.15) 

,   ,    -

        

     .   -

,     (3.15)  ,  -

       -

. 

       . 

   ,L4
2    

 (      E H, ,     

 – E E, ),        -

 { , } .      -
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 : col( , )X E H ,     X    

      -

       (3.15). -

   ,L4
2    : 

 ,X X E E H H d1 2 1 2 1 2
1

4 . (3.16) 

  4     .  -

   ,L2
2  « »  , 

     (3.15)    

: 

 , eE E E E d1 2 1 2
1

4 . (3.17) 

    ,L2
2  « » -

 ,      (3.15)  

  : 

 , hH H H H d1 2 1 2
1

4  (3.18) 

 (3.11)-(3.14)     (3.15)   

  .  ,   (3.11)  (3.13),  -

  : ,H H L4
2D : 

 
, : ,

H

H H

r

r

X L X L

1 1
0

1
0

4 4
2 2

0

0

D

 (3.19) 

  (3.12)  (3.14)      

 : ,E E L4
2D : 

 

, : ,

E

E E

r

r

X L W X L

1
0

1 1
0

4 4
2 2

0

0

D

 (3.20) 
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       -

 (3.19)  (3.20)      -

   (2.32)-(2.33).     (3.11)-

(3.15)       : 

 
ˆ

ˆ

r t r

r

H

t r t

t r

r r E r rH r

r r J r r
X

r r rH r E

r r r J J

1 1 3 1 1
0 0

1 1 1 3 1 1
0 0

2 1
0 0 0

1
0 0

 (3.21) 

 
ˆ

ˆ

t r t

r t

E
r t r

r

r r rE H r

r J r J r
X

r r H r r rE

r r J r r

2 1
0 0 0

1
0 0

1 1 3 1 1
0 0

1 1 1 3 1 1
0 0

 (3.22) 

 (3.11), (3.13)      (3.15)  

  (3.21),   (3.12), (3.14)    -

  (3.15)    (3.22). 

 [16]        

 S  (       )  -

   L : 

S L

A f B B f A dS n A B n B A f dl  (3.23) 

       -

   H   E     

 (3.18)  (3.17), . . , ,X X L4
1 2 2    

 [16]: 

 , , , , , .H H E EX X X X X X X X1 2 1 2 1 2 1 2  (3.24) 

        -

 ,L4
2 .       -
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        -

,    (3.2)-(3.5)   -

 (3.6).       H   E    

  ,   ,     (  

 2.2).        , 

  ,L4
2         -

 : , H E TL L L L4
2 .   

HL      H ,   -

 (3.19).  EL      

E ,  (3.20).   TL     

  H   E , . . Ker KerT
H EL .    

,       -, -  -

 .   ,   TL  , -

  L        -

 ,   L  . 

     (3.19)-

(3.20),    ,       -

 HL , EL   TL , , ,      

,L4
2 .     HL  . 

    HL  -

.        -

    ,     -

    ,       

(3.19)-(3.20). ,     H  ,  

  ,       -

    , . .   HL .  ,  

 H      -    
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     .    

mp2     col ,m m mX E H ,   -

 mp2     col ,m m mX E H .    , 

      E   H   -

  X ,     E   H ,  -

      ,  ,  

      .  

  ,     ,     

    mp2 ,    . 

,       H    

    : 

 ,
H
mH H H

H m m m m H
m

E
X p X X

H
2 . (3.25) 

    (3.25)  : 

 

,

H H
m m m

H H
m m m

H H
m mL L

r H p E

r E p H

l E n H

1 1 2
0

1 2
0

0 0

 (3.26) 

 H
mX  —    H ,  mp2  –   

 .   ,    

( , )H
m , ( , )H

m   : 

 , .H H H H
m m m m m mE p r H p1 1 1

0  (3.27) 

 (3.27)  (3.26),       -

         

    L : 
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,

H H
m m m
H H
m m m

H H
m m

L L

p

p

n n

2

1 2

0

0

0 0

 (3.28) 

      H ,   -

,    ,  -

   (3.16),      H  -

,     (3.17)   

   H
mE ,     (3.18) -

   H
mH : 

 

,

,

H H H H
m mm m m me

H H H H
m mm m m mh

E E E E d

H H H H d

1 21 2 1 2

1 21 2 1 2

1
4

1
4

 (3.29) 

      (3.29)   -

     (3.27),   -

   : 

 ,H H H H
m m m m m mh

d
1 2 1 2 1 2

1
4  (3.30) 

        (3.27)  (3.8)  

(3.9),  ,       H
mE , H

mH  -

        

 H
rE 0 .  ,     HL  -

    - . 

    EL  -

.      EL    

 ,      HL     -

       E  -

  ,      -
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     H . 

      E   : 

 , .
E
nE E E

E n n n n E
n

E
X q X X

H
2  (3.31) 

    (3.31)   : 

 

,

E E
n n n

E E
n n n

E E
n nL L

r H q E

r E q H

E H r

1 2
0

1 1 2
0

00 0

 (3.32) 

  (3.32)        

  ( , )E
n   ( , )E

n    : 

 , .E E E E
n n n n n nE q H q r1 1 1

0  (3.33) 

 (3.33)  (3.32)      -

         

    L : 

 

,

E E
n n n

E E
n n n

E E
n nL L

q

q

1 2

2

0

0

0 0

 (3.34) 

    E  ,    , 

      

  (3.16),      E  -

,   ,    

(3.17)  (3.18)      

 E
nE   E

nH : 

 

,

,

E E E E
n nn n n ne

E E E E
n nn n n nh

E E E E d

H H H H d

1 21 2 1 2

1 21 2 1 2

1
4

1
4

 (3.35) 
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      (3.35)    

     (3.33),   

    : 

 ,E E E E
n n n n n ne

d
1 2 1 2 1 2

1
4  (3.36) 

        -

  (3.33)   (3.8)  (3.9)  ,   

     E
nE , E

nH   -

         
E
zH 0 .      EL    

  - . 

    TL  -

.       TL    

 (3.25)  (3.31)    ,   

 .     : 

 
T T

H k kT
kT T

E k k

X E
X

X H

0

0
 (3.37) 

         : 

 

,

T
k

T
k

T T
k kL L

r H

r E

l E n H

1 1
0

1
0

0

0

0 0

 (3.38) 

 

,

T
k

T
k

T T
k kL L

r H

r E

E H r

1
0

1 1
0

0

0

0

0 0

 (3.39) 

   .    [284] -

 ,    1N      

(3.38)-(3.39),  N  –  ,    ( -

  L ).  ,      -
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 TL       (3.38)-(3.39).   -

   .      ( , )T
k   

( , )T
k    : 

 , .T T T T
k k k kE H r 1

0  (3.40) 

 (3.40)      (3.38)-(3.39)   

         -

 L : 

 
j j

T T
k k

j jT T
k kk kL L

c d

10 0
 (3.41) 

 j
kc   j

kd  –    j -   jL .   1N  

     0N
kc , j

k kjc   , ,1 1k j N   

   j
kd . 

     (3.38)-(3.39)  

   TL .      -

,     ,   -

 - ,    ,    -

   : 

 

,

,

T T T T
k kk k k ke

T T T T
k kk k k kh

E E E E d

H H H H d

1 21 2 1 2

1 21 2 1 2

1
4

1
4

 (3.42) 

      (3.40)   

(3.8)-(3.9)   (3.41)  ,    -

 TL  ,   ,   

        - ,   

       

   (      

  - ). 
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 .    -

  H   E ,  ,  ,X L4
2   -

 H E E HX X 0 ,  ,    

    : 

 
,

, , ,
,

A B
m n mn ABe

A B
m n mn ABh

E E
A B h e t

H H
. (3.43) 

     -

.        HL , EL   TL ,   

     ,L4
2 ,    

  ,       -

.       -

      : 
/ , , ,

, , , , , , ,h h e e t t
m m n n k k

m n k

E r t

r v r t E v r t E v r t E

1 2
0

1 �
 (3.44) 

/ , , ,

, , , , , , .h h e e t t
m m n n k k

m n k

H r t

r i r t H i r t H i r t H

1 2
0

1
 (3.45) 

     rE   -

 ,     -

   L .        -

 ,    L      -

.      ,L1
2    -

 E
n   E

n ,     (3.34).    

  (3.36)  rE     : 

 , ,E E E E
r r n n r n ne e

E E E .  
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E
n .    : 

 / , , , , ,e
r n n n

n

E r t r e r t q1 2 2
0 . (3.46) 

  nq  ,   ,     

 . 

    rH    -

,       L  , -

,   ,L1
2 .     

    H
m   H

m ,   -

  (3.28)  ,   ,   -

 ,L1
2 .     (3.30)  rH    

: 

 , ,H H H H
r r m m r m mh h

H H H .  

        H
m

.    : 

 / , , , , ,h
r m m m

m

H r t r h r t p1 2 2
0 . (3.47) 

      (3.44)-(3.47)  -

 h
mv , e

nv , t
kv , h

mi , e
ni , t

ki , ne   mh     -

 r    t .       , 

   . 

  .    -

      
t

r00
, 

t
r00

, 

    (3.2)-(3.5).   -

     (3.44)-(3.47)    -

          

 : 
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/

/

/

/

, , , , ,

, ,
, , , , ,

, , , , ,

, , , , ,

A A
m m

S

A A
m m

S

r E
n n r n

S

r H
m m r m

S

r
e r E r E dS

A h e t
r

h r H r H dS

r
e r q E r dS

r
h r p H r dS

1 2
0

1 2
0

2
1 2 1
0

2
1 2 1
0

0 0
4

0 0
4

0 0
4

0 0
4

 (3.48) 

    ,    -

   .     

   , , ,rr t J r t r J r t0 .  

      , , ,A
mE A h e t  : 

 /, , , , , , , , ,A A
m m e

j r t r J r t E A h e t1 2
0 .  

   ,J r t    , , ,A
mH A h e t   

   : 

 /, , , , , , , , ,A A
m m h

j r t r J r t H A h e t1 2
0 .  

     ,rJ r t    

H
m     : 

 /, , , , , ,r H
m m r m h

j r t p r J r t1 2 1 2
0 .  

       E
n    : 

 /, , , , , ,r E
n n r n e

j r t q r J r t1 2 1 2
0 .  
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3.3.       

 
. 3.2.   . 

    ( . 3.2)  -

  
1

 
2
.        

     ( )
n

P    [357, 43, 16]: 

 
cos( ) cos( )

( ) cos( ) ,
cos( )

n n

n
n

e
n n

P P
C P

P
1

1
 (3.49) 

  n      -
: 

 

cos( ) cos( )
,

cos( ) cos( )

, , , ,

n n

n n

n

P P

P P

n

1 1

2 2

1 2

0

0 1 2

 (3.50) 

  nq       n  -

 : 

 .n n nq2 1  (3.51) 

  
n

C   (3.49)    : 

 e e
n n nn

d
1

( ) ( ) .
4

 (3.52) 

        -

 : 
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 ( ) / , ( ) / .e e e e
n n n n n nE q H q1 1

0 0  (3.53) 

   T-      : 

 t C
1 cos

( ) ln ,
sin

 (3.54) 

 
t

t

C
E

C
H

0

0

( ) ,
sin

( ) ,
sin

 (3.55) 

   C    : 

 tE d
21

( ) 1.
4

 (3.56) 

   -  -     -

   5.3.4      -

     . 

3.4.         -
  ,    . 

         -

       

( . 3.3).   : 

 ,J r t r R f t0 2
. (3.57) 

       0 ,    

xOy    R     .    

( )f t    .      -

  (2.116).        

     : 

sin cos
, cos

sin cos

f t c r R rRR
E r t d

c r R rR

2 1 2 22
0

0 2 20 0

2
4 2

  (3.58) 



 126
  –  ,  r  –    ,  – 

,     ,   -

   ( ,      ,  ). 

J

R

x

z

y

 
. 3.3.    

       ,   -

  -( -) .    ,   

      .    

   : 

 cosh h
m m mm P2 1 , (3.59) 

 ( )mP  –  .    -

   : 

 

cos cos
,

sin

cos cos
.

sin

m mh
m

m mh
m

m m P P
E

m

m m P P
H

m

1 1
0

1 1
0

1
2 1

1
2 1

, (3.60) 

    , , ,mp m m m2 1 1 2 .    

  ,    .  

      -

- : 

 ,
h h
m m h h

m m
S

m mv v J
v r r r H dS

r r

2 2
0

02 2 2

1
4

  (3.61) 

        

   h
mv   : 
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 ,
h h
m m m h

m
i v h

v
r

, (3.62) 

  .     (3.61)-(3.62) -

          

 ( , )j
iv v r i r j       -

,    -     

 

 

,j j j j j

i i i i i i

j jj j H H
m mi i i i

j j j

i i i

v A v B v v v F i r j

i i e e
r

h h v

1 1 2

1 1

1 1

1 1

1 1
2

, (3.63) 

   F      (3.61), -

   iA m m
r i r

2 2

2 2 1 , /B r 2  

      v i h, ,    (N ) -

 ,    ,   -

     (3.59)-(3.60): 

, , , cos cos
sin

, , , cos cos
sin

, , , cos

N
h
m m m

m

N
h
m m m

m

N

r m m
m

m m
E r t v r t P P

r m

m m
H r t i r t P P

r m

H r t r m m m h r t P

0
0 1 1

1

0
0 1 1

1

2
0

1

1
2 1

1
2 1

1 2 1

 (3.64) 

         -

     (2.116)    -

 /T R c0   /T R c04 .     R2    

  .  . 3.4       

 . ,     (    -

 )        10  

,        ( . 3.4 ) 3-   
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  ,   10    

,        ( . 3.4 ). 

  ,   ,     

  ,     -

  ,     .   

     . 

0 5 10

10

10

c t

, ,E r t0 0

 

0 2 4
5

5
ct

, ,E r t0 0

 

0 2 4

5

5 , ,E r t0 0

c t

. 3.4.       R2     
    : ( )    

 T R c0/ ; ( )     T R c0/4 ; ( ) –   -
     10  ( )   

     ( ). 

    ,     -

  ( . .      ) -

        , -

1-  
3-  
10-  
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       ,  -

      . 

, ,        

   (      

 )     .    

  ,      -

    ,  ,  -

       .   -

     :        

   ( .    4.6),  

     ,   ,  

   ,         -

   .   ,  , ,  

 ,  ,    -

.  ,       -

        -

  (     ,     

 ).     -

   , ,       ,   

         -

    .       -

          -

      ,   

  5.4. 

3.5.    .  
. 

      , -

      (  -

  -     ). 
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        -

.        

    : 

 ( , ) sin
p p p

E r t
r r c rc3 2 2

0

1
4

  (3.65) 

     : [ ] ( / )f f t r c , 

     , /c 01  –  

.       -

    r   .  ,    -

     r1       

         r2 . 

       «  »: 

 ,( , ( , )) ( )r r EE r t L t r t
2 1 12  (3.66) 

    : ( ) ( )g f t g df
0

,  

    0        

 , ,      

   ,      -

   ,        -

    .  ,   

       , 

      : 

 r r
r s r sr

L
r s r sr1 2

3 2 2
1 2 2
3 2 2

2 1 1

1
1

  (3.67) 

 -  ,        -

 ,         , 

          -

.       : 
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,

( )
( ) ( ) exp

cos sin

r r
r r r r ct

L t t
r rr

ct ct
r r r r r

2 1

1 1 2 1
2

2 12

1 1 2 1 1

2

1 3 2 1 1 3
2 2 23

  (3.68) 

        . 3.5 .   

     ( ) exp ( )p t ct 23 .  

 ( , )rE r t     .r1 0 6 , .r2 0 9   .r3 0 3 .  

     ( , )E r t1      ( , )r E r t2 2   

( , )r E r t3 3 .   ,       

,        

     ,      

.       

  . 

 
. 3.5.        -

  .   ( , )rE r t    . 

  ,     -

   
1

( , )E r t       

3 1 2
r r r .     (  ) 

    . 

   3 

        -

       -
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  .      

         -

;   ,   -

  .    -

    -, -  - ,     -

        -

  ( ).      -

 ,      -

     .     

   - -      

,   .   -

         , 

       , 

, -    ,       -

.  ,       -

      .    

      , , -

   .    ,  

    ,   , -

   ,     -

,     .      -

    , ,     -

      ,    -

    ,       -

 .       , 

   ,      -

    (   ). 
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 4 EQUATION SECTION (NEXT)  
     

  

      ,     -

      .  

       

 ( )  .       

    .   -

 ,    .  -

        ,  -

       ,  

   (  )  ,   

      (  ). 

        . 

  :     -

     ,    

   .    -

    ,     

,        -

  ,      -

 ,   ,   

,   ,    -

   ,      .   

-     ,  -

       ,   -

    ,     .   

       FDTD.  

  ,   FDTD   
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 (BOR- FDTD — body of revolution)   -

 , . .      

   .    -

,       

  .      

   —   , -

        

     ,    

. 

        [9, 18, 19, 21, 22, 

24, 26, 29, 32, 35, 38, 46, 53, 59, 63, 65, 66, 73, 74]. 

4.1.  

          -

     .    -

      . .  [78].  -

     , . .   

,        -

 ,     .    

,      ,  . -

       -

  .  E   H     -

     .     -

 ,        

  ,     .   

        

  (    )    

  .       

   ,       -

   « » .     
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    1987  Durnin [335].   -

     :  -  [336], 

  [337],  -  [338],   [340, 

339]  . .,    ,    -

 ,     , «  

 »,  «   »  . .   

  ,  , ,  .   

 . .     [107]. 

4.2.        
     

        [35, 

38, 46]. 

         -

     ( ),   -

     .   

    ,     

            

  .    ,   

        -

.       

- .   ,    -

         -

      ,    

     [ ; ]0 .    -

,          

        . 

         

      . 
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4.2.1.   

   z 0     ,J t r .   -

       -

   : 

 /, ; RJ z t r y z f t e
2

0   (4.1) 

       -

 : 

 /, ; Rj z t R e z f t
222

1 0
1
2

  (4.2) 

       : 

 , ; , ; ;m mSj z t J z t r r dS0   (4.3) 

   (  )   : 

 
cos

;
sinm m

m
r J

m
1   (4.4) 

       -

     (  cos   (4.4)). -

  (     ) 

  - .       

   z 0      /t z c    -

    : 

 

/
,

/
,

/
,

, / ;

, / ;

, / ;

R j
z

R j
z z z

R j
ct ct z

h z t z c R e Z t f t

h z t z c R e Z t f t

h z t z c R e Z t f t

222
0

222
0

222
0

1
2

1
2
1
2

  (4.5) 

    : 
t

f t g t f g t d
0

. 

   : 
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,

,

,

/

/

/ /

j
z

j
z z

j
ct z

Z t cJ c t tz c

Z t t czJ c t tz c

Z t t c t z c J c t tz c

2
0

2
2 1

2 2
1

1
2

2
1

2
2

1
2

2  

 (4.6) 

 /J x J x x1 1 ;  ,J x J x1 1  –  . 

       : 

 
, ; ;

, ; ;

TE
z

j j j j
j

H h z t r d

w h z t r

2
10

0

2
1

0

1

1
  (4.7) 

 
, ; ;

, ; ;

TE
z

j z j j
j

H h z t r d

w h z t r

10
0

1
0

1

1
  (4.8) 

 
, ; ;

, ; ;

TE
ct

j ct j j
j

E h z t z r d

w h z t z r

0 1
0 0

0 1
0

1

1
  (4.9) 

         -

 ,     j    -

 wj .  (4.5) ,      ,  

       -

 ,       

 ,      : 

 
exp

; exp

N

j j
j

N

j j
j

f x x dx w f x

f x dx w f x f x f x x

2

0 1

2

0 1

  (4.10) 
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   f x ,        N2

.        -

 ,   [312]    -

   .  ,   4.1   

       N 20 . 

 4.1.

        (4.10)  N 20

jx  jw  jw  

0.14279509699916748285e-1 0.36567921632008359498e-1 0.36575378752272120677e-1 

0.74631300392191370660e-1 0.83317534401677622489e-1 0.83782893770933879494e-1 

0.18086156305803827336 0.12395417854119236088 0.12807587662331372883 

0.32943335606428831660 0.15102858000702281812 0.16834163000696865655 

0.51605054306153028246 0.15641446700455091446 0.20414233820869743737 

0.73625545758089084043 0.13699223495513453445 0.23556722845877169146 

0.98587357503752715705 0.99529247247220048150e-1 0.26306423689735846260 

1.2612890161027661601 0.58533770697906252377e-1 0.28727899359917723646 

1.5595796452096599804 0.27135780375560486440e-1 0.30893837886370459353 

1.8785619193029803503 0.96447336592154056968e-2 0.32878594510666406142 

2.2167941653876453745 0.25517150915688126689e-2 0.34756166055566622495 

2.5735778208262785150 0.48644899766090204418e-3 0.36601692729356830736 

2.9489897467872328548 0.64351451799896233672e-4 0.38496204401536046197 

3.3439813798616392289 0.56423914895260908275e-5 0.40535538999454733114 

3.7605999329107743140 0.30908365223277049033e-6 0.42846680062035949856 

4.2024426004211381561 0.97564110534209131967e-8 0.45620299034737093452 

4.6756088477944769840 0.15760867173927210712e-9 0.49184688576576859400 

5.1909016869750004293 0.10759457467372339930e-11 0.54206966485021326138 

5.7699851655677557810 0.21698635462758469865e-14 0.62413830011896811600 

6.4705583870645765820 0.53112230616773392555e-18 0.80963739990782378495 

 

 ,    (4.5)-(4.6)    -

      f t .    

   :    (  

     R ),   . 
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: / / exp /f t t T t T t T2 1 3 .    

   ,       

(         -

),        . 

 
. 4.1.   :   0z    -

   -   ,  -

   .    -

  ,       -

     TCz . 

4.2.2.     . -

    . 

      . 

 ,          

 , . .         -

 .       -

    .        

r 1 .       

 

e x p
2 2

2

x y

R

z

t

e x p
2

1
1

3
t t t

T T T

J
R

T Cz

1R

2R

3T 1T

1.75T
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 E r1      ,      

r    0r ,       r r 1
0 .   

   (   )  

( . 4.2).      ,    -

         

 .     . 4.3. 

10 0 10 20 30 40 50 60

1
ptpE

/z R

3.357ACz
/ 0.1cT R

  
. 4.2.      .  . 

 
. 4.3.        -

       

    ,      -

 .        
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p tpE
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0 

/c T R0
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.   ,      

        ,  

   ,  ,       

    ,    ,  . 

  ,        

 .       

         

  (         

).          

. 4.4. 

        ( . 4.5) , 

      ,  ,   -

        ~ R200 300  (  -

,   1r       -

 R15 ).        -

,        6-7  -

   . 

 
. 4.4.          

      . 

0 2 4 6 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

/y R

0 /c t y R

2 2
c cR y R

obsz R/ 200
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. 4.5.       . 

  

0 50 100 150 200 250 300
10

5

0

5

10

/TCz R

/observationz R

/ .c T R0 0 3
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4.3.      -

  

      a    

 ( . . 4.6).     

    r ,     . 

       

 . 

 
. 4.6.        

. 

         ,  

,       -

   -   . -

           

.        -

 xy        . 

       -

   (2.40)  (2.46)  -  -  : 

 
, , ,

, , ,

h h

h h

r r p p r p

r p p r p

1 2

2

0

0
 (4.11) 

 
, , ,

, , .

e e

e e

r p p r r p

r r p p r r p

2

2

0

0
 (4.12) 
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 - .      H ,   -

 (4.11)   .    ,  

       -

  r rr r r r r r1 1 1
0 0 0 0  (   

   
0
   ).    

      ( , ) ( , )cos( )h hr p r p m , 

( , ) ( , )cos( )h hr p r p m        

  ( ) ( )r r ,  (4.11)     -

  

 

, ,

, , ,

, , , .

h h

h h

h h h

d rd d d
r r p r p

r dr dr r dr dr

m
r p r p r p

r

d d m
r r p r p p r p

r dr dr r

2
2

2

2
2

2

1 1

0

1
0

 (4.13) 

      ,  

 . .  [358]        -

 .   [358]   ,  -

  (  h   h    )   -

         -

 ,    (  ( )r 1). 

        

       

( , )Z r        
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, , ,

, , ,

, , ,

, , , .

r
h h

r
h h

r
h h

r
h h

d d
Z r p p d

d d

d d
Z r p p d

d d

d
Z r p p

d

d
Z r p p

d

0

2

2
0

0

0

1

 (4.14) 

  (4.14)    

( , )F r ,    

 , , , .r rF r dF r d0 1  (4.15) 

  (4.13),  (4.14)      

, , ,

, , , , ,

, , , ,

, , , , .

r
h h

r
h h h h

r
h h

h h

d d
F r p p p d

d d

m
F r p p p d r r p r p

d d
F r F r p p d

d d

d d
F r F r p p

d d

2

0

2
2

2
0

2

2
0

0

1
1

 (4.16) 

  (4.16)       

 (  r( ) 1)   .  ,   -

 ,    h hr r p r p( ( , ) ( , ))    

  ( ),0       

,  F r,      

 

 d d m
F r F r p F r

dd

2 2
2

2 2

1
, , , 0. (4.17) 
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 (4.17)   (4.15)    

  ( )mI     ( )mK   [114] 

 , .m m m mF r r K pr I p I pr K p  (4.18) 

  (4.18),   (4.17), -

 (4.16)       

 

, , ,

, , , ,

, , .

r
h h

h h

h h

d d
F r p p p d

d d

d d
F r F r p p

d d

r r p r p

2

0

0

1
1

 (4.19) 

 ,    ,F r   ,dF r d   0   

 ,    (4.19)    

, ,h hp p    .  ,  

  ,        -

 . 

 (4.14)       

, ,h hr p r p    ,G r     

, , ,r rG r dG r d0 1: 
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, , , ,

, , .
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h h

r
h h

r
h h

h h

d d
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d d

d d
G r p p d

d d

d d
G r G r p p

d d

r r p r p

0

2

2
0

0

1

 (4.20) 

  (4.13),  (4.20)     -

  : 
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h h
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h h
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h h

h h

h h

d d
G r p p p d

d d

m
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d d
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d d

d d
G r G r p p

d d
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2
2

2
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2

2
0
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1
1

 (4.21) 

  (4.16),   (4.21)     

     .  ,   -

    ,G r    -

  

 , , , ,
d d m

G r G r p G r
dd

2 2
2

2 2

1
0  (4.22) 

 ,     
m

J    
m

Y , 

  [359] 

 , .m m m m
r

G r Y pr J p J pr Y p
2

 (4.23) 

  (4.23)  (4.21)    -

   

 

, , ,

, , , ,

, , .

r
h h

h h

h h

d d
G r p p p d

d d

d d
G r G r p p

d d
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0
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1
1
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      (4.19)  ,G r  ,dG r d  

 0    ,     , ,h hp p  

  . 

   (4.19)  (4.24)    -

    ,h r p ,     
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d d
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d d
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1
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2
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         ,h r p  
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,

, , , ,
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, , , ,
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h
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h h

h h

d d
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d d
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d d
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1
1
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2

 (4.26) 

 - .    E-    (2.46).  -

        

 ( , ) ( , )sin( )e er p r p m , ( , ) ( , )sin( )e er p r p m   ( ) ( ),r r  

1,   ()     

, , , ,

, , , , .

e e e

e e e e

d d m
r r p r p p r r p

r dr dr r
d rd d d m

r r p r p r p p r p
r dr dr r dr dr r

2
2

2

2
2

2

1
0

1 1
0

 (4.27) 
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  (4.27),  (4.14)     

, ,e ep p    ,F r   (4.18)  

, , , , , ,

, , , ,

e e e e

r
e e

d d
r r p r p F r F r r p r p

d d

d d
F r p p p d

d d

0

2
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1
1

(4.28) 

     , ,e er p r p  -

  (    (4.27)  (4.14),    (4.23)) 

, , , , , ,

, , , .

e e e e

r
e e

d d
r r p r p G r G r p p

d d

d d
G r p p p d

d d
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1
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(4.29) 

   (4.28)  (4.29)    -

      E  

 

,
, , ,

,

, , , ,
,

, , , ,
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e e

e e
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d dr p G r F r d
r

p p

d d
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d d
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d d
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1
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 (4.30) 

 

,
, , ,

,
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, , , ,

r e
e

e

e e

e e

d d
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r

p p

d d
F r F r p p

d d
r d d

G r G r p p
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1
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2

1

2

 (4.31) 

   (4.25), (4.26), (4.30)  (4.31) -

         -

    .     -
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,   ,      

,        

4 4 ,         [176]. 

        -

 .    -

        a .  

    (4.13)  (4.27)    

         

, ,h h eA B A   eB  [359] 

 

, ,

, ,

, ,

, .

h h h
in m m

h h h
in m m

e e e
in m m

e e e
in m m

r p A p J pr B p I pr

r p A p J pr B p I pr

r p A p J pr B p I pr

r p A p J pr B p I pr

4 4

4 4

4 4

4 4

1  (4.32) 

      (4.25), (4.26), (4.30)  

(4.31)       .   

       

   [360] 
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       (4.25)      

 

/

, , , ,

, , , ,

.

h h

h h

h
m

m h

d d
G r G r p p

d d
r d d

F r F r p p
d d

A p
J pr

r B p

0

4

2

11
2 1

  



 151
          

(4.26), (4.30)  (4.31). 

 ,      -

  ,     ( )d d    (4.25) 

      E    

       

, , ,

, ,

.

r
h

m m

m m

d d
G r F r p d

r d d

a
r a F r G r

r
m

J pa pJ pa
r

m
I pa pI pa

r

0

4 4 4
1

4 4 4
1

1 1
2

1
1

 

     (4.26), (4.30), (4.31)   -

  ,   (4.32)     

       -

 hA , hB , eA   eB  

 

, , , , ,

, , , , ,

, , , , ,

, , , , ,

h h h h h h h
out m m

h h h h h h
m m

h h h h h h h
out m m

h h h h h h
m m

r p d p A B J pr b p A B Y pr

c p A B K pr x p A B I pr

r p d p A B J pr b p A B Y pr

c p A B K pr x p A B I pr

  

 

, , , , ,

, , , , ,

, , , , ,

, , , , .

e e e e e e e
out m m

e e e e e e
m m

e e e e e e e
out m m

e e e e e e
m m

r p d p A B J pr b p A B Y pr

c p A B K pr x p A B I pr

r p d p A B J pr b p A B Y pr

c p A B K pr x p A B I pr

  

       -

  ,      
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 mI pr  , ,h h hx p A B   , ,e e ex p A B      

    p : 

 
, , ,

, , .

h h h

e e e

x p A B

x p A B

0

0
 (4.33) 

      p     

.   (4.33)     -

 p        hA   hB  ( eA   eB ). 

  ,  1h eA A ,    

 (4.33),       

 
, ,

, ,

h h h h
out m m m

e e e e
out m m m

r p d p J pr b p Y pr c p K pr

r p d p J pr b p Y pr c p K pr
 (4.34) 
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, , , , , , ,
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h h
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e e

e e
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3 4 3 4
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   ,h e
out     ,    

,h ec    « ».  ,      -

     : 

       

(4.32),          

 (4.34). ,       

    .   -

        (2.45)  (2.39). 

        

  

 

, ,

,

, ,

,

, ;
, .

h h h

S

m h h

e e e

S

m e e

m

N p p p r p r p dS

d p b p p p
p

N p p p r r p r p dS

d p b p p p
p

m

m

2

2 2

2

2 2

1 0

2 0

 (4.35) 

   (4.35)     

  

 

cos ,

sin ,

,

m

m

x
m

J x x x m

Y x x x m

K x xe

2 2 1 4

2 2 1 4

2

  

       [360]: 

 .p p p p
p p

rZ r r rZ r r
Z r r rdr 1 1

2 2
 (4.36) 

 (4.36)     mJ x ,   

mY x      H x1    H x2  .  -

    (4.36)   -
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m
m mI x i J ix     m

m mK x i H ix112 . 

     (4.35)   

  -   

 sin
lim .

R

R   

  (4.35)     

   ,     
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, , .

h h h

S

h h h

S

e e e

S

e e e

S
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H r p H r p dS N p p p

2

2

2

2

 

       -

 

, , ,

, , .

h e

S

h e

S

r E r p E r p dS

H r p H r p dS
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      -

.     ,  -

        , -

        

 

/

/

/

/

, , , ; ; ,

, , , , , ,

, , , ; ; , , , ,

, , , , , , , , .

h
z

p

e
z

p

h h e e

p

h h e e

p

H z t r h z t p p r p dp

E z t r e z t p p r p dp

E z t r v z t p E r p v z t p E r p dp

H z t r i z t p H r p i z t p H r p dp

1 2
0

1 2
0

1 2
0

1 2
0

 (4.37) 

  (4.37)     -

    ,    -

   ,    

( ) ( , ) ( ) ( ),

( , ) ( ) ( ) ( ),

( ) ( , ) ( ) ( ),

( , ) ( ) ( ) ( ),

( , ) ( ) ( , ) ( )

h hh h m
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( ( , ) ( ) ( , ) ( )) ( ) ( ) ( )

e e e m
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2 2
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2 2 2 2 ( ),
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( ) ( ) ( ),
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e
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hh h eh e h h mz e
z Hh

h hh mz
z

e z e
z
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z

e ee
z

J p

K p p v p K p p v p dp i p p v p dp J p J p

v p K p p h p dp J p

v p e p p

i p h p p

i p K p p e p dp

2 2

( ).ezJ p
(4.38) 

    ,    -

    , 
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, , , ,

, , , ,

, , , ,

, , , ,

, , , ,

,

hh h h

ee e e

he h e

hh h h

ee e e
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L p p z E r p H r p dS

L p p z E r p H r p dS

L p p z E r p H r p dS

K p p z E r p H r p dS

K p p z E r p H r p dS

K p p z E

0

0

0

0

0

0 , , .e hr p H r p dS

 (4.39) 

        

 , , , , ,hh hh hh hhK p p L p p dp K p p L p p dp p p (4.40) 

 , , , , ,ee ee ee eeK p p L p p dp K p p L p p dp p p (4.41) 

 , , , , ,hh he eh eeK p p L p p dp K p p L p p dp  (4.42) 

 , , , , ,ee he eh hhK p p L p p dp K p p L p p dp  (4.43) 

 
, , ,

, , .

ee ee

hh hh

K p p p dp p K p p dp

K p p p dp p K p p dp

2 2

2 2
 (4.44) 

     (4.38)       
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ˆ ˆ, , , ,

ˆ

e h e e
Eh Ee

e h e e
Hh He

m h m e
Eh Ee

m
Hh

J p J r E r p dS J p J r E r p dS

J p J r H r p z dS J p J r H r p z dS

J p J r z E r p dS J p J r z E r p dS

J p

0 0

0 0 0 0

0 0 0 0

0
ˆ, , , ,

, , , ,

, , , ,
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J p p J r r p dS J p p J r r p dS

p p r r p

0
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0 0

1
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  ,     -

       (4.38). 

   -   -

     .   -

  (4.38)       -

       -

   (   ,    

     ) 

 

, , , ,

, , , , , ,

, , , ,

, , , , , .

hh hh
z h

eh m
e z Hh

ee ee
z e

he m
z h z He

K p p L p p p v z t p dp

K p p v z t p dp J z t p

K p p L p p p v z t p dp

L p p v z t p dp J z t p

2 2 2

2

2 2 2

2

 (4.45) 

      :  -

  , ,hv z t p   , ,ev z t p        

     

 ,,
,( ) ( ), ( ) ( ) .e he h

j j i i jj
p

v p V p p p dp  (4.46) 

  (4.46)   (4.45),    

   

 
,

.
z z

z z z

hh h hh h 2 h eh e m
Hh

ee e ee e 2 e he h m
He

K V L V P V K V J

K V L V Q V L V J

2 2 2

2 2 2
 (4.47) 

   ,     

, ,

, ,

, ,

, ( ) ( ) , , ( ) ( ) ,

, ( ) ( ) , , ( ) ( ) ,

, ( ) ( ) , , ( ) ( ) ,

hh hh
i j j i i j j i

eh ee
i j j i i j j i

ee he
i j j i i j j i

K p p p p dp dp L p p p p dp dp

K p p p p dp dp K q q q q dq dq

L q q q q dq dq L q q q q dq dq

hh hh

eh ee

ee he

2

K L

K K

L L

P , ,( ) ( ) , ( ) ( ) ,i j j i i j j ip p p dp dp q q q dq dq2Q2 2

(4.48) 
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 ( ) , ( ) .m m
Hh i He ii i

J p p dp J p p dpm m
Hh HeJ J  (4.49) 

 ,  -   (4.45)  

     (4.47).    

      j   -

 . 

        

     . 

4.4.  -     
  

         

(    )      

   .      

 ,       

       ,   -

    .     -

         

,     . 

        -

  .   -  -    -

- .  -       

      

 
,

,

.

z e e
z

e z

e e
z

p e i v

i e

i v

2

 (4.50) 

    (4.50).  -

    (4.50)    

      (    

   : 
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k k z

i i
k

i

k k k k k

i i i i i

k k k

i i i
k k k k

i i i i

I i i z k c E e i z k c

V v i z k c S z

I I p E S V V

E E I
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1/2

1/2 1/2 2

1/2 1/2

1 1/2

1 1/2 1/2

1/2 1/2 1

, 1 / 2 / , , / ,

1/ 2 , / , / ,

,

,

.

 (4.51) 

  -      -

  .       -

  2 2
1 2
( ) ( )C C z . 

 ,      -  

          z  

(    ).     -

  -      -

  .      

 - ,      -

,        1   3.5  (  cp ), 

 , z      ,   

 -   : 

 z

z2 2

2
.

4
 (4.52) 

        (4.52) 

 -      ( -

) .    ,   , 

     . 

     .  -

        -

    ,       

  .       
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 -     -

 ,        -

      .   -

        -

     .    

(2.64).          

         

    : 

 
,

.
z
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hh h hh h 2 h eh e

ee e ee e 2 e he h

K v L v P v K v

K v L v Q v L v

2 2 2

2 2 2

0

0
 (4.53) 

    ,    K   L   –   

 , 2P   2Q  –      - 

 -  ,  hv   ev  –   . 

       (4.53)  

    -    

  

,

.

k k k k k k k k

n n n n n n n n

k k k k k k k k

n n n n n n n n

e ee e ee e e he h h h e

h hh h hh h h eh e e e h

V A V B V V C V V V V

V A V B V V C V V V V

1 1

1 1 1 1

1 1 1 1

1 1

2

2
(4.54) 

 /S c dt dz0  –        ( 0c  –  

   ), I  –  .   

 

 

( ) , ( ) ,

( ) , ( ) ,

( ) , ( ) .

ee ee ee T ee hh hh hh T hh

ee ee ee T hh hh T

T T

dt dt2 2 2 2

2 bb 2
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2 22 2 2 2
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         -

   .    ( -

 (2.64)      ) 
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z

T
z
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z z z z

z hh h h hh h
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(4.55) 
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/ /
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/ /
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,

,
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/
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,

,

.
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d

2

v

e e L i
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  ,       

 . 

      -

 .     -

     : 

 
.ˆ , , cos ,

. , . , / ( ), .

r r t t
a TJ r z t e e z z

a r a T a c t T

2 2
0 0

0 12
0 0

0 01 1 0 5 5 5
 (4.57) 

          

       -
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       , 

-  ,      , 

    (4.47)   -

       .   

   ,   -   -

 ,  .   ,  

        ,  0z z . 

,   -      -

      0n   0 1n .  -

       

      -   

(4.54)       

 
( ), ( ),

( ), ( ),

k ke m h m
He Hhn n

k ke m h m
He Hhn n

dz f kdt dz f kdt

dz f kdt dz f kdt

V J V J

V J V J

1 1

1 1
2 2

1 1
2 2

 (4.58) 

 ( )f kdt         kdt . 

  ,       -

       (4.54)   

  (4.58)    (4.57).   -

       

       (4.46)  -

      .  

 (4.46)        

 .     (4.38)    

    .     

  (4.37)       

 ,    . 

   .      

         -
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    (      

     (4.59)) 

 , , , , , .e
z

p
E z t r e z t p p r p dp0  (4.59) 

       -

     ,  -

       (4.57),   . 4.9.
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 ,        -

        -

 .    ,  ,  -

 ,      -

 ,p 0 .       -

      .  

        

    ( . . 4.10).    -

     .     -

  -  -    ,   -

         

       . 

 ,        

      .   

   [361].      -

  ,        

    [362]. 
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 H- .       H- .  

        -

     (   ,x y , . . 4.10)  -

    .    

    h   h    (2.39).  -

       

    (2.40) 

 ,
h h

h h

h h L

p

np

1 2

2

0
0

0
  (4.60) 

        -

   ( ) ( )h h hx y .  x -    : 

( ) cos( ),h
nx x  / ,n xn L  , ,n 0 1 .  ,    

      -

   y 0 : 

 
, ,

, , .

h h

h h

d yd d
y p y p y p

y dy dydy

d
y p p y p

dy

2
2 2

2

2
2 2

2

1
0

0

 (4.61) 

   ,  .   [358]  -

         

      .  

      h   h  

( , ) . cosh ( , ) ( , ) cosh ( , ) ( , )

sinh ( ) sinh ( ) ( )
( , ) ( ) ( , )

( )

( , ) . cosh ( , ) ( , ) cosh ( , )

h h h h h

y
h h

h h h h

y p y p p y p p

y u y u d u d
u p u p u p du

u du du

y p y p p y p

2

0

0 5 0 0 0 0

1
1

2 2

0 5 0 0 0 ( , )

sinh ( ) sinh ( ) ( )
( , ) ( ) ( , )

( )

h

y
h h

p

y u y u d u d
u p u p u p du

u du du
2

0

0

1
1

2 2

(4.62) 

  : p2 2 . 
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   ( , )p 0 .      -

 .  y h      ,  

        

: 

 
( , ) ( ) ( ) ( ) ( )

( , ) ( ) ( ) ( ) ( )

y yh h y h y h h

y yh h y h y h h

y p w p e w p e v p e v p e

y p w p e w p e v p e v p e
 (4.63) 

 : 

 

( ) , ,

( )
, ( ) ,

( )

( ) , ,

( ) , ( ) ,
( )

h h h

h
u h h

h h h

h
u h h

w p p p

d u d
e u p u p u p du

u du du

v p p p

d u d
e u p u p u p du

u du du

2

0

2

0

1
0 0

4

1 1
1

4

1
0 0

4

1 1
1

4

 (4.64) 

      p  ,   

 ye   ye    : 

 ,h hw p v p0 0  (4.65) 

         

( , )ip 0 .  ,   .   -

  (4.63)       

 
yh h y h

i i i

yh h y h
i i i

y w p e v p e

y w p e v p e
 (4.66) 

      . 

    [ , )p .      

   p        

p i2 2 .   (4.63)      

 : 
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, cos sin yh h h hy p a p y b p y v p e

, cos sin

yh

yh h h h

v p e

y p a p y b p y v p e

, ,

( )sin , ( ) ,
( )

( )cos , ( ) ,
( )

yh

h h h

h
h h

h
h h h

v p e

a p p p

d u d
u u p u p u p du

u du du

d u d
b p u u p u p u p du

u du du

2

0

2

0

1
0 0

2

1 1
1

2

1 1
1

2

 (4.67) 

         -

 ( )hv p 0 ,        p   

 [ , )p .     . 

 E- .  E-        -

   e   e    (2.45).    

  ,    -

   ( . (2.46)): 

 ,
e e

e e
Le e

p

p

2

2

0
0

0
 (4.68) 

           

( , ) ( ) ( )e e ex y x y , ( ) sine
nx x , /n n L .  (4.63) -

    

 
, ( ) ( ) ( ) ( )

, ( ) ( ) ( ) ( )

y ye e y e y e e

y ye e y e y e e

y p w p e w p e v p e v p e

y p w p e w p e v p e v p e
 (4.69) 

 ,e ew v      : 

( ) ,, , ( )

( ) ,
( ) ,, , ( )

( ) ,

y ee e
e u

e

y ee e
ue

e

d u d
u pd p d p u du duw p e du

dy dy
p u u p

d u d
u pd p d p u du duv p e du

dy dy
p u u p

20

20

1
0 01

4
1

1
0 01

4
1

(4.70) 
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       ( , )p 0     

   : 

 ( ) , ( )e ew p v p0 0  (4.71) 

         -

 ( , )ip 0 ,     . 

        

(  (4.66)  - ) 

 
( ) ( )

( ) ( )

ye e y e
i i i

ye e y e
i i i

y w p e v p e

y w p e v p e
 (4.72) 

   [ , )p     ,  

( )ev p 0 : 

, ( )cos ( )sin ( ) ye e e ey p a p y b p y v p e ( )

, ( )cos ( )sin ( )

ye

ye e e e

v p e

y p a p y b p y v p e ( )

( )( ) sin , ( ) ,
( )

, ,

( )
( )cos , ( ) ,

( )

ye

y
e e e

e e

e
y

e e

v p e

d u d
a p u u p p u u p du

u du du

d p d p
dy dy

b p
d u d

u u p p u u p du
u du du

2

0

2

0

1 1
1

2

0 0

1
2 1

1

(4.73) 

     . 

       -

  (4.65)  (4.71).      -

 ,    (4.61)     -  

      : 

, cosh cos cosh cos

, cosh cos cosh cos

h

h

y p A y y B y y

y p A y y B y y

2 2

2 2
(4.74) 
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, sinh sin sinh sin

, sinh sin sinh sin

e

e

y p C y y D y y

y p C y y D y y

2 2

2 21 (4.75) 

 p2 2 .  A , B , C   D  -  .  -

   (4.64), (4.70)    (4.65), (4.71) .  

         

  A   B   H-      C   D  

 E- .        ,  

   . 

       -

  p    / ,4 : 

 
H-modes :

E-modes :

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

g p t p g p t p

g p t p g p t p

2 2

2 2

1 1 0

1 1 0
 (4.76) 

   : 

 
( ) ( )cosh ( ) ( )/ sinh ( )

( ) ( )cos ( ) ( )/ sin ( )

g p p p h p p h

t p p p h p p h
 (4.77) 

  .      -

     .    -

     ,    

   .    -

        

: 

, , , , , , , , ,

, , , , , , , , ,

h h e e
n n m m n n m m nm

S S

h h e e
n n n n n

S S

x y p x y p dS x y x y p x y p dS

x y p x y p dS x y x y p x y p dS p p0
(4.78) 

       -

  ,h eN p2 : 



 170

 

, , , ,

, , , , ,

h h
h

S

e e
e

S

x y p x y p dS N p p p

x y x y p x y p dS N p p p

2

2
 (4.79) 

 ,     (4.62), -

      : 

 , ,
,

sin
( ) ( )h e h e

h e
LL

N p a p b p
p

2 2 2 2
16 2 4

 (4.80) 

  
. 4.11.    H-

. / . ,4 4 015 . ,p1 4 119  

. ,p2 4 864   . ,p3 5 992  .6 283   

. 4.12.   H-  -

  

  . 4.11  4.12      
h .      ,  -

  .  ,   . 4.11, -

         .  

. 4.12     ,   -

  ,    ,     

    ,    p  -

      .  -

,       ( , , L ,h 0 1 0

/ ,n L  , , ,n 1 2 3 )        -

      .   -

     / ,4 . 

0 1 2 3 4

-3

-2

-1

0

1

2

3

(y
)

y

 1

 2

 3

 = 6,  = 2

0 1 2 3 4

-2

-1

0

1

2

(y
)

y

 p=7   p=10  p=15
                       = 6,  = 2
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. 4.13.     FDTD  

 FDTD    .   

        -

          -

   -  .     -

    -  , -

     .   -

    .     

       (FDTD),  

-        

     ,    -

    .     -

       -

   . 

   FDTD       

        -

 .        

   -  ,  -

   « »  :        

        -

  . FDTD        
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    (  Yee):    x -  -

  (cos( )x   sin( )x     )  x -

    .    -

       ,y z .  -

        

  . 4.13.       

: 

/ /
, , , / , /

/ , / ,

/ /
/ , / / , / , /, / , /

/ /
/ , / , /

k k k k
x x z zi j i j i j i j

k k
y yi j i j

k k k k k
y y x x zi j i j i ji j i j

k k
z z xi j i j i

c t
E E H H

y

c t
H H

z
c t t

E E H H H
z

c t
E E H

y

1 2 1 2
1 2 1 2

1 2 1 2

1 2 1 2
1 2 1 2 1 2 1 2 1 21 2 1 2

1 2 1 2
1 2 1 2 1 , / / , / / ,

/ /
/ , / / , / , / , /

/ /
/ , / ,

/ /
, ,/ , / ,

kk k
x yj i j i j

k kk k
x x y yi j i j i j i j

k k
z zi j i j

k k k k
y y x xi j i ji j i j

t
H H

c t
H H E E

z
c t

E E
y

c t
H H E E t

z

2 1 2 1 2 1 2 1 2

1 2 1 21
1 2 1 2 1 2 1 2 1 1 2 1 2

1 2 1 2
1 2 1 1 2

1 1 2 1 2
11 2 1 2

/
/ ,

// /
, / , / , , , /

k
z i j

kk k k k
z z x x yi j i j i j i j i j

E

c t
H H E E t E

y

1 2
1 2

1 21 1 2 1 2
1 2 1 2 1 1 2

 (4.81) 

    ,   – -

  (i   z -  j   y - ),  : 

/
,| ( / ) , ( ) ,k

i jE E t k t z i z y j y1 2
1 1 2 1 .  t  -  , 

y   z     y   z   . 

        FDTD -

     zH      

  ( /si 1 2   ).    

y        -

 ( ( )h y ),    ,   . 4.11. 
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        ( )f t .   -

    (4.81)  /si 1 2   : 

 

/ /
/ , / / , / / , / ,

/
/ , / ( / ) ( / )

k k k k
z z x xj j j j

k h
y j

c t
H H E E

y

t E j y f k t

1 1 2 1 2
1 2 1 2 1 2 1 2 1 2 1 1 2

1 2

1 2 1 2
1 2 1 2

 (4.82) 

     “  ” [144].  -

  ,      

    .    

  ,     ( /si 1 2 ) -

   : 
/ // /

, , , / , /, / , /, ,k kk k k k
x x y y z zj j j jj j

E E E E H H
1 2 1 21 2 1 2 1 1

1 0 1 1 2 0 1 21 1 2 0 1 2
. (4.83) 

  . 

       ( . . 4.10) 

  : h 1 , L 1 , /L .   -

  : 4  (    ) 

 10  (     ).  FDTD  

  /x y h 20 ,       

  .        

   : 

 
t t

T
t t

f t e t T
T

2

0

0
0

( ) , 4  (4.84) 

   H-    h
1     (4.82),  

       . 4.14.  

       ,      

   ( )  .  ,  -

         

(  ). 
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t=66 h/c t=133 h/c t=200 h/c t=267 h/c 

. 4.14.     .  -

 Hz   (  y,z- )    

       h 1 , L 1 , ,

4 , . /T h c0 5 .       . 

   ,    FDTD,   -

    , , ,i
zH x y z t      , , ,c

zH x y z t  

 , , , , , , , , ,c i
z z z

i

H x y z t H x y z t H x y z t  (4.85) 

       x   cos x ,   -

,   . 

          

 , ,zH y z t1 ,        -

  h y1     ,h z t1 ;   -

          

 p     ,h y p     -

 , ,ch z t p : 

 
, , , ,

, , , , , ,

h
z

c c h
z

p

H y z t h z t y

H y z t h z t p y p dp

1
1 1

 (4.86) 

   (4.86)  (4.85)    -

 (4.78),       

 , , , , ,h h
z z j jj

h z t H y z t y dy H y z t y dy1 1 1  (4.87) 

       FDTD  

( / )jy j y1 2 .      , 
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         ( . 

. 4.11).        : 

 , , , , ,c h
z zH y z t H y z t h z t y1 1  (4.88) 

,  ,       

 (     (4.78)),    

     (4.85)     -

 : 

 
( , ) ( , ) ( )

( , ) ( , , )

h h
z

c c
z

WH z t h z t y dy

WH z t H y z t dy

21
1 1

0

2

0

  (4.89) 

  . 4.15      FDTD -

   zH       

  /t h c260 ,        

  ,    (4.89)    -

 . 

  ,        

(z 120 )     (z 120 ).   

      ,    

   ;    ( )   

   ,   ,  -

    ,   -

    .       

 ,         20 

  (z 120 ).        

  60 ,         

  10-20  ,  ,   20    

 .     -

  . /T h c0 5   /T h c  ,   2 %   

         -
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  0.5%     /T h c .  , -

       -

  . 

. 4.15.   ( , , )zH z y t1  ( ) ( , )zWH z t1
1 , ( , )c

zWH z t1  ( ) 

 /t h c1 260    h 1 , L 1 , , 4 , . /T h c0 5 , 

/x y h 20 . 

. 4.16.   ( , , )zH z y t1  ( )  ( , )zWH z t1
1 , ( , )zWH z t2

1 , 

( , )c
zWH z t1  ( )  /t h c1 260    h 1 , L 1 , , 

10 , . /T h c0 5 , /x y h 20 . 
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   ,     

10 ,      ,  -

  h y1 , h y2     ,dh z t1   ,dh z t2 . 

     (4.78)      

(4.87)        FDTD -

  : 

 
, , , , , ,

, , , , ,

d h h
z z i ii

d h h
z z i ii

h z t H y z t y dy H y z t y dy

h z t H y z t y dy H y z t y dy

1 1 1
0

2 2 2
0

1
  (90) 

        : 

 
,

, , , , ,c d h
z z j j

j

H y z t H y z t h z t y
1 2

  (91) 

   4.16    ,    . 4.15   -

 /t h c260 .        3 :  1  

  ( , ) ( , ) ( )h h
zWH z t h z t y dy

21
1 1

0
,  2    

( , ) ( , ) ( )h h
zWH z t h z t y dy

22
2 2

0
      

( , ) ( , , )c c
zWH z t H y z t dy

2

0
 . 

     1-   , -

         . 

          2-  

,        .   

,         , 

     .

  . 4.17     -

 ,dh z t      (  4 )   -

 ,         ,  
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   .     

      ,     . 

   .     

    :   , -

     ,  , -

       ,   -

   asin( )/cr 1 .    -

        

   

 tan( ) /crh h4 4 1   (92) 

   h z20 , 4 ,  ,  

  z46 . ,    . 4.17 -

   . 

. 4.17.       z    

     h 1 , L 1 , , 4 , . /T h c0 5 , 

/x y h 20  
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   : 

        -

  (      -

 ,      )  

   ,    -

.         -

 . 

         

 (    )  -  , -

       .  

        

    . 

         

        

    (FDTD).    -

      

       . 

 ,         

         20 .  

       -

         

 .       -

   . 

        

     . -

        ,  

        -

. 
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4.6.      BOR-FDTD  -

  

          

 FDTD,      (Body Of Revolution 

FDTD – BOR-FDTD),    .   -

     ,   , 

    4.4.  ,    -

        -

 ( ,       -

,    ).      

       -

        . 

        [22, 65]. 

       

     FDTD [144, 363].  -

       -

   ,        

        , 

    ,      

 .       -

   [364, 365]:      -

,    ,      -

 ,  ,    , -

  .       -

          

 . 

  ,        

  FDTD    [144, 363]    

[364, 365],        -

.        
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       -

  (perfectly matched layer – PML) [363].   

,      -

     .   -

     . 

   BOR-FDTD     -

,          

.  3-      -

  2-       ,z

   ,    .  

           

  [144, 363]. 

         

 [364, 365]     , 

          

 [364];      -

         -

  .     PML,     

   ,     -

    ,     (   

      ).  

  PML  BOR-FDTD    -

      [363].    -

        -

   .    PML  -

       ,   -

     PML,      , -

        -

 .       “ ” -
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 ,           

,   0,15 %  (–56 )  PML  8 . 

  BOR-FDTD   ,    

       [144].  -

      ,  ( t )   

      ( z ),    

0 / 2c t z ,       -

    ,      -

   .  ,  

         (  

PML)     , . .      

 .       -

  ,    ,    

        -    -

  .      -

 “ ”    ,   -  

  -  . ,  -

  “ ”     ,    

         -

        

  . 

            

         -

   ,          

     ,       

   (  )    ,    

      .    ,  , -

        ;    

       , -
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    ,      

“ ” ,   .   

    ,        

   610  ( 120  )    , 

     . 

  ,    [364, 365]       

         -

  z .       

:    ,     

          . -

       ,   

   .      -

   ,         

   . 

        

, .12 1 1a    . 4.18.     -

        

 .0 021a      (4.57)    04.5/T c  

(      ), 

       . 

   . 4.18    -

       z   

 0.5r a       .  
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        ) 

) 

. 4.18.       
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4.7.      -

 .   . 

        [19, 21, 24, 

63, 66, 73, 74]. 

         

       -

         

    -  ( ),  -

        , -

     .   -

         , -

     .  ,   , 

     ,    

    ( . 4.19).     -

     :  ,  

    ,   -

   .      -

    ( . 4.20).    

         

  ,        -

      .   

    ,     -

       -    

,     .   -

  ,   ,   

          -

     ( . 4.21). 
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. 4.19.      –    -

, ,  

 
. 4.20.     

. 4.21.    .  

      ( 4 )  

     . 

       -
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  ,     ,

   .    -

    . 4.22.     

  ,   6    

,        .  -

    .   

  ,     4    -

           

  (     

    ,  ,    – -

) 

. 4.22.     .   

       

       .

       -

        ,  

   .       -

      (   “ -

 ”),       (  ,  ) 
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    [366].     -

   ,   , 

       ,  

      .    

,      :  -

         

    -      -

.     A  (Annan)  1973 . [367]: 

      -

    ,       

          -

      - .  

 ,     ,    -

,        -

        (  

  . 4.19)        . 

     -  « -

»   .    -

 ,         

        

asin 1/TR  (  . 4.20).  ,   -

  ,        

 .  ,     -

     Ch TR  ( . . 4.20).   

1          

/2TR ,        

.          

          -

  . 
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       -

       .   -

         

(    ) [368]    

  , 00 91c  (     0c  -     

 ).  [369]     -  

         

        .  [370] 

       -

,    ,      -

,        -

  ,       -

,        

    . ,     -

        -

   ,       

 0c . 

    . 4.19    -

 ,       -

 /0c c .    ,     

   ,      

TR  , ,      -

       . 

     .  . 4.23 

      -

 ,   . 4.19    12 .  -

       (  – , 

 – )       

      (   

   z ).      -
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   ,     -

. 

 

 

 
. 4.23.         

12      .   

  ( )   ( )    

 ,      -
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 ,       -

    . 

         -

 ,      - ,   

       .   

  ,          -

     .     

     .     -

           -

 ,    .    

      -

  .      ,  

  ,     ( ,  

   )       

   . 

      ,     -

   ( . 4.22),   ,   

       (     -

  )    ,    

   ,   . 
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   4 

         -

      . -

    ,      

     .  ,  -

    ,  .      -

 ,    .  ,  -

,      .   -

  -    -

,        , -

    .     

 ,         

 .      -

 ,     . 

        -

-   .    -

     .   -

 ,        .  

  -      -

   ,  ,   

,    -   .  

  .     

      FDTD    (BOR-

FDTD)   ,     -

      -

    .    

 . 

        

       -

          

  - ,    
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      ,   -

   .     

      ,     

 .  ,   ,   -

   ,       

.          

 .  ,      -

 ,      -

,       . 

         

     ,     

         -

.       ,   -

        -   

 ,     .  -

     ,  -

          -

    .      

    ,   ,  -

       (  )  

  .      

,         -

,         

   . 

          

      ,   -

 ,       

     .    -

          

         

       . -



 194
   ,      

       .    -

     ,       

  .     -

 ,        

   .    

   ,      

        -

. ,        

  ,       

      .   -

     (  )    -

   ,     -    6-

7      .     

,       ,  

        -

  (    ).    

          -

       . 
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 5 EQUATION SECTION (NEXT)  
    

5.1.  

           -

  .     -

      ,   -

   ,        -

 ,         -

.  ,      , 

     , -

      /  

,         .   

        ,  -

   .  ,    

 ,       ,  

         

. 

        -

,        ,  

     –   -

       .    -

  ,     -

,    .  -

 ,     -     -

    .  ,   -

  ,   « »  

 ,         -

     . 
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        -

,      ,     

  . .          

,    .      

       .  

      ,   -

     ,     -

  ,  « »     

 .     ,   

      , -

    FDTD      -

  .      

    ,     

,   ,    

     –    -

 . 

5.2.     -   

5.2.1.     -   -

  

        -

           

    ( . 5.1.). . .   

0z   ,   1 1 1, , ,   0z  

—  2 2 2, , .         

       -

   .     

     ,  ,   -

     –    . 
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. 5.1.   . 

         -

  , , ,     :  

 ( ) n ,       

  0 02/      / .  

    ,     

       -

,        . -

         -

 . ,    : 

 

0 0

0

t t, ,

, ,

, ,

  (5.1) 

 -    

 0 0 0z z zE z E H z H z, , ,   (5.2) 

 ,      , , const , 

     -( -)  -( -) .  -

 - .         

: 

ig

rg
tg

0z z

n
1 1 1

1 1 1

, ,

, , n
2 2 2

2 2 2

, ,

, ,
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0 0 0

0 0

z t z

t z

z z

z H E H z E

H z E

H H

. (5.3) 

       : 
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 6 EQUATION SECTION (NEXT)  
     

    

     ,    -
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   ,     

          -

   .     -

      .  -

       -

      ,      -

           

   (   SVD). 

       [1, 2, 

5-8, 14, 15, 30, 33, 39, 45, 54, 67]. 

6.1.  
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   Schreiber [321, 322]     -
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